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Abstract. We investigate basic features of Bianchi's Backlund transformation of quadrics to see 
if it can be obtained under weaker assumptions and if it can be generalized to deformations of 
other surfaces. 
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1. Introduction 

It has been an open question ever since the classical times to find all surfaces for which an 
interesting theory of deformation (procedures of generating more or less explicit examples depending 
on arbitrarily many constants; for example Backlund (B) transformation) can be build, just as for 
quadrics (see § 5.17 of R. Calapso's introduction to Vol 4, part 1 of Bianchi's Opere). 

Based on Bianchi's [3] (also appearing as ([5],Vol 4,(143))) characterization of the (isotropic) 
singular B transformation of quadrics with auxiliary surface plane, we consider basic features of 
Bianchi's Backlund (B) transformation of quadrics to see if it can be obtained under weaker as- 
sumptions and if it can be generalized to deformations (isometric deformations) of other (classes 
of) surfaces. 

Due to the frequent use of certain keywords we shall define and use abbreviated notations. 

All computations are local and assumed to be valid on their open domain of validity without 
further details; all functions have the assumed order of differentiability and are assumed to be 
invertible, non-zero, etc when required (for all practical purposes we can assume all functions to be 
analytic) . 

By necessity (all quadrics in the real 3-dimensional Euclidean space are equivalent from a complex 
projective point of view) we shall consider the complexification 

(C^, < ., . >), <x,y >:= x'^y, \xf := x'^x, x,y eC^ 
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of the real 3-dimensional Euelidean spaec. 

Isotropic (null) vectors are those vectors of length 0; since most vectors are not isotropic we call a 
vector simply vector and we shall emphasize isotropic for isotropic vectors. The same denomination 
will apply in other settings: for example we call quadric a non-degenerate quadric (a quadric 
projectively equivalent to the complex unit sphere). 

We call surface any sub- manifold of C'^ ~ of real dimension 2, 3 or 4 such that all its complex- 
ified tangent spaces (called henceforth tangent spaces) have complex dimension 2. In this case the 
distribution TniT formed by intersecting real tangent spaces T with iT has constant real dimension 
(which must respectively be 0, 2 or 4). This distribution is integrable (by its own definition); by 
an application of Frobenius one obtains leaves; on leaves the Nijenhuis condition (with the almost 
complex structure being induced by the surrounding space) holds and by Nirenberg-Newlander this 
is equivalent (locally) to prescribing x : D ^ C^, where D is a domain of or C x R or such 
that dx X Adx ^ (the x applies to the vector structure and the A to the exterior form structure, 
so the order does not matter: xA = Ax); from a practical point of view we need to consider only 
surfaces that are real 2- or 4-dimensional. 

For any two curves there is a developable circumscribed to them; isotropic developables are 
surfaces circumscribed to a curve and to the circle C(oo) at oo (Cayley's absolute); they are the only 
surfaces with degenerate 2-dimensional linear element. Thus we assume a surface not to be isotropic 
developable unless otherwise stated; note however that the importance of isotropic developables 
cannot be cast aside, as most isotropic developables circumscribed to (isotropic) (singular) conies 
(the singular part of a doubly ruled (isotropic) plane image of the unit sphere or of the equilateral 
paraboloid under an afEne transformation of with 1-dimensional kernel (which is different from 
the axis of the equilateral paraboloid in this case)) generate the confocal family of quadrics one of 
whose (isotropic) singular quadrics (including in a general sense (isotropic) plane of certain pencils 
of (isotropic) planes) contains as a singular set the given conic: any quadric of the confocal family 
cuts the conic at 4 points (Bezout) and the isotropic rulings of the isotropic developable passing 
through those points are all the isotropic rulings of the quadric; three rulings of a ruling family of 
a quadric are enough to determine the quadric (although there are quadrics with less than three 
isotropic rulings in both of the ruling families, by inspection all quadrics except (pseudo-) spheres 
are uniquely determined by their finitely many isotropic rulings). 

If we let the spectral parameter z vary in the family of quadrics confocal to a given one, then we 
get an afline correspondence between confocal quadrics (called the Ivory affinity) with good metric 
properties. 

In particular it preserves lengths of rulings, so it takes isotropic rulings and umbilics (their finite 
intersections; the remaining 4 points of intersection of isotropic rulings are situated on C(oo) and for 
either of them having multiplicity we have quadrics of revolution or Darboux quadrics) to isotropic 
rulings and umbilics; thus as z varies an umbilic describes a singular conic of a(n isotropic) singular 
confocal quadric and an isotropic ruling for each ruling family describes the isotropic developable 
circumscribed to the singular conic. 

Standard geometric formulae for surfaces in remain valid (with their usual denomination) for 
all surfaces and outside the locus of isotropic normal directions. Since the Gaufi- Weingarten (GW) 
and the Gaufi- Codazzi-Mainardi-Peterson (G-CMP) equations for a surface a; C assume only 
the non-degeneracy of the linear element of x (and thus the existence of an orthonormal normal), 
they are still valid and sufficient to describe the geometry of surfaces in almost everywhere; for 
example the Lorentz space of signature (2, 1) can be realized as the totally real subspace x iR c C'^ 
(the induced scalar product is real (valued) and non-degenerate). 

By the Gaufi-Bonnet-Peterson fundamental theorem of surfaces the GW and G-CMP equations 
suffice to describe the geometry of all surfaces almost everywhere and surfaces such defined are 
the natural completion of the usual real surfaces, although the usual coordinates used in geometry 
(asymptotic, conjugate systems, orthogonal, principal, etc) may not be the ones which clearly split 
into purely real and purely complex (for example asymptotic coordinates on a real surface of positive 
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Gaufi curvature) . The change of coordinates for real 3-diniensional surfaces still holds outside bi- 
holomorphic change of the complex coordinate and diffeoniorphism of the real one, but if the real 
and complex coordinates are mixed, they lose the character of being purely real or complex and the 
new parametrization may not be holomorphic in some variables. For example if we have a surface 
X = x{z,t) C C^, {z,t) G D C C X M. and consider two complex functions u = u{z,t), v = v{z,t) 

duAdv 



of z and t with J := 



dz/\dt 



du du 


dz dt 



0, then one can invert z = z{u,v), t = t{u,v) at 



least formally and at the infinitesimal level by the usual calculus rule of taking the inverse of the 
Jacobian: dz = §^du + ^dv, dt ~ §^du + §^dv. Although the holomorphic dependence on a 
variable is lost, the 2-dimensionality character remains clear. After using formal coordinates of 
geometric meaning to simplify certain computations, one can return to the purely real and complex 
coordinates, just as the use of z, z parametrization on real surfaces. Note that although on such 
surfaces the vector fields dz, dg do not admit integral curves (lines of coordinates), statements 
about infinitesimal behavior of such lines remain valid, so one can assume such lines to exist and 
derive corresponding results; thus for all practical purposes we can assume that coordinates descend 
upon lines of coordinates on the surface. 

Consider Lie's viewpoint: one can replace a surface x C C"^ with a 2-dimensional distribution of 
facets (pairs of points and planes passing through those points) : the collection of its tangent planes 
(with the points of tangency highlighted) ; thus a facet is the infinitesimal version of a surface (the 
integral clement {x,dx)\pt of the surface). Conversely, a 2-dimensional distribution of facets is not 
always the collection of the tangent planes of a surface (with the points of tangency highlighted), 
but the condition that a 2-dimensional distribution of facets is integrable (that is it is the collection 
of the tangent planes of a leaf (sub-manifold)) does not distinguish between the cases when this 
sub-manifold is a surface, curve or point, thus allowing the collapsing of the leaf. 

A 3-dimensional distribution of facets is integrable if it is the collection of the tangent planes of 
an 1-dimensional family of leaves. 

Two rollable (applicable) surfaces can be rolled (applied) one onto the other such that at any 
instant they meet tangentially and with the same differential at the tangency point. The rolling 
{x,dx) = {R,t){xo,dxo) '■= (i?.fo + 1, Rdx^), {R,t) C 03(C) k C"* of two applicable surfaces xq, x 
(that is \dxo\'^ = Idx]"^) introduces the flat connection form (it encodes the difference of the second 
fundamental forms of xo,x and it being flat encodes the difference of the G-CMP equations of 

Xo,x). 

In rolling various geometric objects (points, curves, surfaces, facets, etc or families of these) 
can be rigidly attached to each point of the rolling surface xq, thus producing rolling objects 
(rolling congruences (2-dimensional families of objects, presumed lines unless otherwise stated), 
rolling distributions of facets, etc). The study of the rolling problem for surfaces as it was carried 
out by the classical geometers (see references Bianchi, Darboux, Eisenhart) boils down mainly to 
finding the features of these rolling objects independent of the shape of the surface of rolling x 
(for example envelopes of a rolling congruence of curves or of a sphere congruence centered on 
Xo, integrable rolling distributions of facets (IRDF), cyclic systems (3-dimensional IRDF such that 
facets are centered on circles in the tangent planes of xq and normal to the circles)). Note that 
due to the indeterminacy (in the normal bundle) of the rolling (one can roll a surface on both sides 
of one of its deformations), these rolling objects come in two families that reflect in the tangent 
bundle of the rolling surface. 

Conversely, existence (integrability) conditions for such an object for a particular deformation 
Xq depend usually on the linear element of xq and linearly on the second fundamental form of 
Xq (the terms of the second fundamental form appearing quadratically in the existence conditions 
become, via Gaufi 's theorem, dependent of the linear element of xq); to formulate the conditions 
for the existence of the rolled objects it is sufficient to individuate for cancelling the coefficients of 
the linearly appearing second fundamental form (note that in the reflected object these coeflacients 
have changed signs). 
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Since by infinitesimal rolling in an arbitrary tangential infinitesimal direction 6 an initial facet 
J- which is common tangent plane to two applicable surfaces is replaced with an infinitesimally 
close facet J-' having in common with J- the direction 6, in the actual rolling problem we have 
facets centered on each other (the symmetric tangency configuration (TC)) and facets centered on 
another one T reflect in note that we assumed a finite law of a general nature as a consequence 
of an infinitesimal law via discretization (the converse is clear); see Bianchi [3]. 

Thus for a theory of deformation of surfaces with the assumption above we are led to consider, via 
rolling, certain 4-dimensional distributions of facets centered on the tangent planes of the considered 
surface xq and passing through the origin of the tangent planes (each point of each tangent plane 
is the center of finitely many facets) and their rolling counterparts on the applicable surface x. 

After a thorough study of infinitesimal laws (in particular infinitesimal deformations) and their 
iterations the classical geometers were led to consider the B transformation (a finite law of a general 
nature) as a consequence of an infinitesimal law via discretization. 

The B transformation in the deformation problem naturally appears by splitting the 4-dimensional 
distribution of facets into an 1-dimensional family of 3-dimensional IRDF, thus introducing a spec- 
tral parameter z (Bz) (each 3-dimensional distribution of facets is integrable (with leaves x^) 
regardless of the shape of the seed surface note that there are 4-dimensional IRDF that do 
not split into an 1-dimensional family of 3-dimensional IRDF: for example to each point of xq we 
associate the tangent planes of a surface). 

By imposing the initial collapsing ansatz of leaves of the 4-dimensional IRDF to be a 2-dimensional 
family of curves (this ansatz individuates the defining surface xq) the 2-dimensional family of curves 
naturally splits into an 1-dimensional family of auxiliary surfaces x^ (1-dimensional family of curves) 
such that the facets centered on these auxiliary surfaces form a 3-dimensional IRDF whose inte- 
grability is independent of the shape of the seed surface a;° applicable to the surface Xq C xq. For 
xo quadric the auxiliary surfaces Xz are ((isotropic) singular) confocal quadrics doubly ruled by 
collapsed leaves and with z being the spectral parameter of the confocal family (this includes in a 
general sense the (isotropic) planes of the pencil of (isotropic) planes through the axis of revolution 
for Xq quadric of revolution (excluding (pseudo-)spheres) (in this case the actual isotropic singular 
quadric of the confocal family is the two isotropic planes of this pencil) or (isotropic) planes of the 
pencil of (isotropic) planes through an isotropic line (which is the actual isotropic singular quadric 
of its confocal family) for xq Darboux quadric with tangency of order 3 with C{oo)). 

The case of the singular quadric of the family of confocal (pseudo-)spheres (the isotropic cone) 
falls into a different pattern: the only real cyclic systems with the symmetry of the TC are obtained 
for Xq having constant Gaufi curvature (CGC) (up to homothety) —1, when the leaves also have 
the same curvature (Ribaucour, 1870); the transformation from xq to one of the leaves is Bianchi's 
complementary transformation introduced by him in his Ph. D. thesis in 1879 (thus Bianchi is 
credited with the idea of using transformations in the study of (deformations) of surfaces) . 

In 1883 Backlund introduced his original B transformation of surfaces of CGC —1 by allowing the 
facets (still centered on circles in and centered at the center of tangent planes of the seed) to have 
constant inclination to the tangent planes of the seed (thus introducing the spectral parameter). 

Lie studied both Bianchi's complementary transformation and Backlund's transformation as 
arrangements of facets; he proved their inversion (thus the B transformation can be iterated only 
by quadratures, since a Ricatti equation becomes linear once we know a solution; with the Bianchi 
Permutability Theorem (BPT) of 1892 the B transformation can be iterated using only algebraic 
computations and derivatives once we know all B transforms of the seed) and found the spectral 
family of a CGC —1 surface (similar to Bonnet's spectral family of CGC 1 and constant mean 
curvature (CMC) surfaces); the B transformation of CGC —1 surfaces is a conjugation of Bianchi's 
complementary transformation with Lie's transformation. 

Note that although the B transformation of the pseudo-sphere does not differ much from Bianchi's 
complementary transformation from an analytic point of view, it is essentially different from a 
geometric point of view, as for the later the reflected distributions of facets coincide (the collapsed 
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leaves are the rulings of the isotropic cone), while for the former the reflected distributions of 
facets are different (the collapsed leaves are the rulings of the two ruling families of a confocal 
pseudo-sphere) . 

This collapsing ansatz allows us to simplify the denomination B transformation of surfaces 
applicable to quadrics to B transformation of quadrics; Bianchi's B transformation of quadrics is 
just the metric-projective generalization of Lie's point of view on the B transformation of the 
pseudo-sphere (one replaces 'pseudo-sphere' with 'quadric' and 'circle' with 'conic'). 

Bianchi considered the most general form of a B transformation as the focal surfaces (one trans- 
form of the other) of a Weingarten (W) congruence (congruence upon whose two focal surfaces the 
asymptotic directions correspond; equivalently the second fundamental forms are proportional). 
Note that although the correspondence provided by the W congruence does not give the appli- 
cability correspondence, the B transformation is the tool best suited to attack the deformation 
problem via transformation, since it provides correspondence of the characteristics of the deforma- 
tion problem (according to Darboux these are the asymptotic directions), it is directly linked to 
the infinitesimal deformation problem (Darboux proved that infinitesimal deformations generate 
W congruences and Guichard proved the converse: there is an infinitesimal deformation of a focal 
surface of a W congruence in the direction normal to the other focal surface) and it admits a version 
of the BPT for its second iteration. 

First we consider general 3-dimensional IRDF and obtain the integrahility condition (IC). 

There are several basic facts of the Bz transformation of quadrics that can be considered sepa- 
rately or partially grouped for 3-dimensional IRDF: the TC requirement (tangential distributions 
of facets) that facets are centered on tangent planes, the symmetric TC requirement (facets fur- 
ther pass through the origin of the tangent planes), W congruence property (which assumes the 
symmetric TC), applicability correspondence of leaves of a general nature (ACLGN) (independent 
of the shape of the seed), collapsing ansatz of leaves, etc; for example Bianchi 3 obtained the 
(isotropic) singular Bz transformation of quadrics with Xz plane by assuming the symmetric TC 
with collapsing to curves ansatz and Xz plane (note that the leaves are applicable to a quadric 
different from that of the applicability of the seed for the isotropic singular Bz transformation of 
quadrics except when Xz is an isotropic plane of a pencil of (isotropic) planes). 

We derive the IC of a 3-dimensional IRDF with the symmetric TC and collapsing to curves 
ansatz (Bianchi's original assumption from [3| except for Xz being a plane); in this case the IC is 
a relation which depends from x^^ on and its normal Nq and from the auxiliary surface Xz on 
Xz and its first and second mixed derivatives in the special coordinates that give the degenerate 
leaves and must be a consequence of the TC (since the TC establishes a functional relationship 
between the four parameters of xq and Xz, leaving only three of them independent to generate 
the 3-dimensional IRDF, any other needed functional relationship between these four parameters 
must be a consequence of the TC); a simple analysis of the prerequisite showed that the symmetric 
assumption can be dropped. 

In this case wc found that the ACLGN does not impose any other condition (it is a consequence 
of the IC) and thus all B transformations with defining surface are pertinent to the deformation 
problem (only the W congruence property required by Bianchi's definition of a B transformation 
remained to be proved). 

By assuming that Xz is a quadric doubly ruled by leaves the infiuence from Xz in the IC dissolves 
completely with the TC used only to symmetrize the IC; the remaining IC depends only on and 
A^o a-iid leads to xq being a quadric confocal to Xz (again isotropic developables circumscribed to 
conies appear as singular cases in our discussion). 

Conversely, when the TC only symmetrizes the IC we get Xz ((isotropic) singular) quadric 
(including in a general sense (isotropic) plane of certain pencils of (isotropic) planes) doubly ruled 
by leaves, xq quadric confocal to Xz and we capture all ((isotropic) singular) finite B transformations 
of quadrics; thus we complete Bianchi's approach |3J to isotropic planes (Bianchi may have been 
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aware of these isotropic cases, since some of the B transforraations in these cases are inverses of his 
B transformations). 

In trying to prove the rigidity of the B transformation of quadrics we were led to discuss the 
case xo quadric, in which case Xz must be as in the case when the TC only symmetrizes the IC. 

Our IC of 3-dimensional tangential IRDF with collapsing to curves ansatz is not suitable to 
making hypothesis on the auxiliary surface Xz for Xz (isotropic) plane or quadric, since it is very 
strong in assuming also the curves given by degenerate leaves. 

Bianchi's approach from [3] assumes collapsing ansatz to Xz plane only to introduce a (linear) 
parameter w in a particular 3-dimensional IRDF with the symmetric TC in order to derive its IC; he 
was able to prove the more general statement of rigidity of the (isotropic) singular B transformation 
with Xz plane by assuming that Xz is a plane (with no hypothesis made on the degenerate leaves). 

Having Bianchi's approach in mind, we impose the TC on the IC of the general 3-dimensional 
IRDF and obtain some simplification of the IC; by imposing the symmetric TC we get further 
simplifications of the IC similar to those of Bianchi [3] . 

In trying to see what conditions are obtained by imposing the W congruence property (a nec- 
essary and sufficient condition to obtain B transformation according to Bianchi's definition; the 
only remaining step to obtain B transformation pertinent to the deformation problem is to im- 
pose the ACLGN) on a 3-dimensional IRDF we found that there are no such conditions: the W 
congruence property is a consequence of the IC of a 3-dimensional IRDF with the symmetric TC 
(in fact the W congruence property individuates the first compatibility condition of such an IC). 
According to a theorem of Ribacour a;° and x^ are the focal surfaces of a W congruence if and only 
if K{x^)K{x^) = '^'"^i^^ , where /3 (respectively d) is the angle (the distance) between the tangent 
planes at the corresponding points (the corresponding points); all these quantities except K{x^) 
are preserved for different rolled leaves, so we get same Gaufl curvature correspondence of leaves of 
a general nature, which is close to ACLGN. 

Thus we obtain an important theorem: 

Theorem 1.1. The necessary and sufficient condition for a 2 -dimensional linear element to admit 
Bdcklund transformation of its deformations \ is iS.^) . 

By imposing post-priori the collapsing to curves ansatz on the IC of a 3-dimensional IRDF with 
the symmetric TC we were able to show that Xq must be a quadric confocal to Xz when Xz is a 
quadric; thus by the previous argument Xz must be doubly ruled by degenerate leaves (the case 
Xz plane is due to Bianchi [3]; the same argument applies to the isotropic case and from Bianchi's 
argument we only need the part up to obtaining Xz doubly ruled by degenerate leaves). 

Using both approaches we were finally able to prove: 

Theorem 1.2. The only Bdcklund transformation with defining surface is Bianchi's Bdcklund 
transformation of quadrics. 

It remains to consider in detail the B transformation of deformations of abstract linear elements 
(without defining surface)and with ACLGN. 

By requiring that the leaves are applicable to certain surfaces with ACLGN (independent of the 
shape of x) and since the distribution of facets into leaves changes with the shape of x we get the 
fact that all leaves of all rolled distributions of facets must be applicable to the same surface y; 
further we get the TC and the necessary algebraic conditions for such a configuration to exist (it 
depends on three arbitrary constants) are satisfied for the symmetric TC. 

By imposing compatibility conditions on these algebraic conditions we must get the space of 
solutions depending on two functions of a variable for the deformations of y; again these conditions 
may be satisfied by 3-dimensional IRDF with the symmetric TC or further compatibility conditions 

* Bianchi quotes in [3] two articles of Backlund's from 1914 and 1916 on Bianchi's B transformation of quadrics, 
so Backlund himself may have some other results on the deformation problem via the B transformation, but unfor- 
tunately we are not familiar with German. 
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may be imposed on the linear element of x which may make the family of such surfaces depending 
on constants or on a function of one variable and constants. 

The change from a facet J- to an infinitesimally close facet via infinitesimal rolling in an 
arbitrary common tangential infinitesimal direction S can be reversed by considering —6 acting 
on J^'; thus this infinitesimal law corresponds via discretization to the prescription of the finite 
ACLGN (correspondence between the leaf and a surface x^ C xq or between x^ and a surface 
^0 C yo with uq another (defining) surface; according to Bianchi [3] there are B transformations 
such that the seed and the leaf are applicable to different quadrics) and the inversion of the B 
transformation (the seed and the leaf exchange places; note that in this case the leaf applicable to 
the (defining) surface xq is required to belong to an 1-dimensional family, which is certainly the 
case if the original leaf can play the role of seed (that is it admits B transformation)). 

In dealing with iterations of infinitesimal rollings in arbitrary tangential infinitesimal directions 
we are led to consider their (partial) discretizations; these are realized by Mobius configurations. 

A tetrahedron consists of 2^ points and 2^ planes, each point (plane) belonging to (containing) 
2 + 1 planes (points). Mobius considered configurations Ms of two tetrahedra inscribed one into the 
other, that is configurations of 2^ points and 2^ planes, each point (plane) belonging to (containing) 
3+1 planes (points); two Ai^ configurations inscribed one into the other give raise to a configuration 
of 2* points and 2'* planes, each point (plane) belonging to (containing) 4+1 planes (points). 
Therefore Bianchi (_5_,Vol 5,(117)) calls a configuration of 2" points and 2" planes such that any 
point (plane) belongs to (contains) n + I planes (points) a Mobius configuration Mn- 

For the discussion up to the third iteration of the tangency configuration (TITC) we consider 
only the (singular) B transformation of quadrics, when the seed and the leaf are applicable via the 
Ivory affinity to the same quadric. 

If we compose the inverse of the rolling of Xq C xq on the leaf x^ with the rolling of Xq on the 
seed x^, then we get a rigid motion at the level of the static picture with the defining surface xq 
and auxiliary surface Xz (the rigid motion provided by the Ivory affinity (RMPIA) ; this led Bianchi 
to discover the applicability correspondence provided by the Ivory affinity (ACPIA) in [Tj); thus the 
prescription of the applicability correspondence becomes of a general nature (independent of the 
shape of the seed x°) and becomes, when the leaves collapse, a correspondence between Xz and 
Xq. In this correspondence the special coordinates on Xz (rulings given by the collapsed leaves) 
correspond to special coordinates on xg , thus providing special coordinates for the whole problem. 

We have the symmetry of the TC: four 1-M6bius configurations A4i, one taken to two others 
via a refiection in a facet or a RMPIA; the symmetry of the TC implies the inversion of the 
B transformation and existence of RMPIA in the TC (note that a-priori the RMPIA does not 
require the TC) implies prescription of the applicability correspondence as a law of a general 
nature (independent of the shape of the seed). 



{Rj,tj){xldxi) := {Rjx'„+tj,R,dxl) = (x^dx^), {R,,t,) C 03(C) k C^, j = 0,1, 

{RltD = {Ri,ti)-\Ro,to), x] - x^ V° := x° - xl {V^Y K = « ^ {V,°fN^ = 0, 

RlK du.xl du,xl] = [-V^ du.xl du,x% {VoYNl^^O^Rl{l3~2N°{N°f)d,,xl^d,,xl 



For these arguments we need only a spectral parameter z (a 3-dimensional IRDF); for the 
remaining arguments we need z to vary. 

The issue of discretizing the commutation of the composition of infinitesimal rolling in an ar- 
bitrary tangential direction 5, followed by infinitesimal rolling in an arbitrary tangential direction 
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6': 55' — 5' 5 (equivalent to the symmetry of the difference of the second funclaniental forms of the 
rolhng surfaces) in one of 5, 5' (in which case the other remains infinitesimal) leads to finding the 
differential system subjacent to the B transformation (Ricatti equation) and proving the applicabil- 
ity correspondence; in both of 5. 5' leads to algebraic computations of the second iterated tangency 
configuration (SITC) (four 2-Mobius configurations A^2, each taken to two others via a RMPIA 
in the TC and to the fourth via a RMPIA without the TC): for x^^, E T^l^o in the pencil of 
planes containing x'^^, x^^ there are two planes tangent to xq at x^; thus we have two choices of Xq 
according to the rulings of a;°^ , x^^ belonging to the same or different ruling families. 

Once the SITC is established to be valid, one can let one of 5, 5' be infinitesimal and obtain the 
differential system subjacent to the B transformation and proof of the applicability correspondence, 
so the SITC is sufficient to imply the differential system subjacent the B transformation and the 
proof of the applicability correspondence (that is the first moving Mobius configuration) . Note that 
the SITC is equivalent to the rulings at x^^ , x^^ cutting the segment [xq (i?3, t^)xl] with cross-ratio 
1^ and it boils down to a homography between four rulings and having the symmetries of the square 
(the Bianchi quadrilateral); the rulings of opposite vertices belong simultaneously to the same or 
different ruling families. 





{Rj,tj}ixldxl) = ix\dx^), j = 0, 1, 2, 3, 
{R^,t']) = {Rk,tkr\Rj,tj), {j,k) = (0,1), (0,2), (1,3), (2, 3), 

(-Ro>*o)(-^2>*2) = (-^Si^s) = (-R3>4)(-R2)*2)) (-^1) *l)(-R3! 4) = i^l^tl) = (-^2) *2)(-R3! ^s)- 
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The issue of discretizing the commutation of the composition of infinitesimal rolling in an arbi- 
trary tangential direction (5, followed by infinitesimal rolling in an arbitrary tangential direction 5' , 
followed by infinitesimal rolling in an arbitrary tangential direction 5": 55' 5" = 5' 5" 5 (equivalent to 
the difference of the G-CMP equations of the rolling surfaces or the flatness of the flat connection 
form) in one of 5, 5', 5" (in which case the other two remain infinitesimal) leads to the existence of 
the B transformation (equivalently the complete integrability of the differential system subjacent 



to the B transformation or the intcgrabihty of the considered 3-dimcnsional rolled distributions of 
facets); in two of S,S',S" (in which case the other remains infinitesimal) leads to the BPT and in 
all three S, S' , 5" leads to the algebraic computations of the TITC (eight 3-M6bius configurations 
each taken to three others via a RMPIA in the TC and to three others via a RMPIA without 
the TC). Once the TITC is established to be valid, one can let one o{5,5',5" be infinitesimal and 
obtain the BPT (that is the second moving Mobius configuration) or one can let two of 6, 5' , 5" be 
infinitesimal and obtain the full theory (existence of B transformation). Note that the TITC uses 
the cross-ratio properties with fj-j f|, and the Menelaos theorem; it is equivalent to a homogra- 
phy between foTir railings of corresponding sameness ruling families and having the symmetries of 
the cube; the four rulings involved are from the vertices of a regular tetrahedron and thus are in 
symmetric relationship one to the other if they belong to the same ruling family. 



Existence of 3- Mobius configurations M.^ as in the TITC implies existence of arbitrary n-M6bius 
configurations M.n for arbitrary n iterations of the TC, as expected (the G-CMP equations involve 
3 derivatives and are necessary and sufficient for the characterization of a surface); thus the alge- 
braic computations of the TITC are necessary and sufficient for a complete description of the B 
transformation (some interesting exterior algebra type formulae but no relevant information can be 
found beyond the TITC). 

Note also that the SITC and the TITC behave well with respect to totally real considerations, 
which implies the B transformation of totally real quadrics. 

These considerations can be extended to include the isotropic singular B transformations (the 
RMPIA is replaced with a suitable rigid motion; one cannot construct the isotropic singular B 
transformation using the Ivory affinity since one cannot take square roots of symmetric matrices 
with isotropic kernels and for quadrics of revolution the Ivory affinity has image only the singular 
part of the singular isotropic confocal quadric (the axis of revolution)); one gets the SITC and 
the TITC (and thus the BPT and higher moving Mobius configurations) with certain iterations 
exchanging the quadric of applicability (most isotropic singular B transformations have seed and 
leaf applicable to different quadrics). 

There is another application of isotropic developables circumscribed to conies, which leads to the 
Hazzidakis (H) transformation of quadrics (an involutory algebraic transformation of deformations 
of quadrics which commutes with the B transformation): since homographies preserve tangency 
and its order, they preserve asymptotes (whose osculating planes are the tangent planes of the sur- 
face), so it takes developables (on which the two asymptotic directions coincide) to developables; 
the homography H takes the isotropic developable circumscribed to if~^(C(oo)) to the isotropic 
developable circumscribed to H{C{oo)); for most homographies H the isotropic developable cir- 
cumscribed to i/^^(C(oo)) generates a family of confocal quadrics. 

Now by the Chasles-Jacobi result (Jacobi proved that the tangents of a geodesic on a quadric 
remain tangent to a confocal quadric and Chasles the converse: the congruence of common tangents 





.2 



.3 
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to two confocal quadrics is normal and envelopes geodesies on the two quadrics) H takes geodesies 
on quadrics to geodesies on quadrics, so it provides pairs of quadrics conjugate in deformation (two 
non-flat non-homothetic surfaces with a correspondence of asymptotes and of all virtual asymptotes 
(coordinates that become asymptotes on a deformation); it is enough to have correspondence of 
asymptotes and geodesies); only quadrics can be conjugate in deformation (Bianchi proved the 
statement for surfaces of revolution and Servant the general statement). 

By use of the H transformation singular finite B transformations are taken to singular finite B 
transformations (Bianchi) or Calapso's singular Brx, transformation of quadrics with center (QC) 
(see [B]; note that in this case one knows the Boo transform only infinitesimally (the first and 
second fundamental forms of the leaf) and we don't have the W congruence); this behavior may be 
generalized to isotropic singular B transformations taken to isotropic singular B transformations or 
Boo transformations of (isotropic) quadrics without center (I)QWC) (there is some partial evidence 
in favor of existence of such B^o transformations) . 



2. Rolling surfaces 



The study of the rolling problem was initiated by Ribacour and has been extensively pursued in 
Bianchi [4],([5],Vol 7) and Darboux [7]. 

Let {u, v) B D with D a domain in R^, C x M or and x : D i-^ he a. surface. 
For uti, UJ2 C'^-valued 1-forms on D and a,b E we have 

a^uJi A b^ijj2 = ((a x 6) x cji + b^cjia)^ Auj2 = (a x fo)^(wi x AW2) + b^cji A a^uJ2', 

(2.1) in particular a^uj A b'^oj — —{ax b)'^ {u! x Aoj). 

Since both x and A are skew-symmetric, we have 2wi x Auj2 = x W2 + ^^2 x "^i = 2iuj2 x Awi. 
Consider the scalar product <, > on M3(C): < X,Y >:= ^ti{X^Y). We have the isometry 



a : C3 ^ 03(C), q( 



-x^ 
x^ 

„2 ^1 



X 



-X 



■X 

x^ 



, x^y a{x),a{y) >= itr(a(x)^a(?/)). 



a{x X y) = [a{x) , a{y)] = a{a{x)y) — yx'^ — xy^ , a{Rx) — Ra{x)R ^, x,y £ C^, R E 03(C). 
Let X C C'^ be a surface non-rigidly applicable to a surface xq C C^: 



(2.2) 



(x, dx) = (R, t){xQ, dxo) {Rxq + t, Rdxo), 



where {R,t) is sub-manifold in 03(C) k C'^ (in general surface, but it is a curve if xq, x are ruled 
and the rulings correspond under the applicability or a point if xo,x differ by a rigid motion). 
The sub-manifold R gives the rolling of xo on x, that is if we rigidly roll xq on x such that points 
corresponding under the applicability will have the same differentials, R will dictate the rotation 
of Xq; the translation t will satisfy dt — —dRxQ. 

For (u, v) parametrization on xq, x and outside the locus of isotropic (degenerate) linear element 
of xo,x we have Nq := |a"!^°xo"a:o| ' ^ ■~ \d"xxd'x \ respectively positively oriented unit normal 
fields of Xq, X and i? is determined by i? = [9tjX d^x A^][9„Xo OvXq det(i?)A'o]~^; we take i? with 
det(i?) = 1; thus the rotation of the rolling with the other face of xq (or on the other face of x) is 
R' := R{I - 2NoN;[) = (J - 27ViV^)i?, det(i?') = -1. 

Therefore 03(C)kC'^ acts on 2-dimensional integrable distributions of facets {xQ,dxo) inr*(C'^) 
as: (i?, t)(xo, dxo) — {Rxq + t, Rdxo); a rolling is a sub-manifold {R,t) C 03(C) k C"^ such that 
{R,t){xo, dxo) is still integrable. 

We have: 



(2.3) 



R-^dRNo R-'^dN ~ dNQ. 



In order to preserve the classical notation d^ for the tensorial (symmetric) second derivative we 
shall use dA for the exterior (antisymmetric) derivative. Applying the compatibility condition dA 
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to (|2.2|) we get: 

(2.4) R-'^dR A dxQ = 0, dRR^^ Adx^O. 
Applying R^^d to (P?^ we get 

(2.5) R-^^d^x = R-^dRdxo + d^XQ. 
Since R^^dR is skew-symmetric and using <\2A}i we have 

(2.6) dx^R-^dRdxa = 0. 

From (HH) for a G we get R-^dRa = R~^dR{a^ + a^) = a^N^R-^dRNa - a^R'^dRNoNo = 
ujxa, u}:=NqX R-^dRNo =^ {det R)R-^{N x dN) - Nq x dNo = R-^{N x dA^) - A^o x dA^o- 
Thus R^^dR — a{u!) and lu is fiat connection form in T*xq: 

(2.7) d A w + X Aw = 0, w x Adxo = 0, (w)-^ = 0. 

With s := N^iR-^d^x - d^xo) x dxo) = sudu'^ + si2dudv + S2idvdu + S22dv'^ the 

difference of the second fundamental forms of x, xq we have 

o\ Si25„Xo - SiidyXo S22l9„Xo - S2ldyXo 

(2.8) w = — r- j — du H j-^ j — dv; 

\OuXo X dyXol \OuXo X dyXol 

{u! X Adxo = is equivalent to si2 — S21; (dAw)-'- + ^w x Aw = 0, (dAw)^ = respectively encode 
the difference of the G-CMP equations of Xq and a;). 

Using ^dAo x AdN^ — K\duXo x dyXolNodu A dv, K being the Gaufi curvature we get dA'o x 
AdA^o = R-\dN X AdN) =^ {uj x Nq + dNo) x A(w x A^o + ^^^o) = ^^Aq x AdA^o + 2(w x A^o) x 
AdA^o + w X Aw; thus 

(2.9) iw X Aw = dA"^ A wA^o- 
Note also 

(2.10) w' = A^o X R'^^dR'No = -w - 2Ao x dAo 
and 

(2.11) A w = 0, Vw satisfying dUTj) for a 1 - form => Q dxo := ^ — = 0. 

Note that the converse dxg = 0, a 1— form a-'" A w = 0, Vw satisfying (|2.7p is also true. 

2.1. Isotropic developables. For any two curves ci(v),C2{v) the developable circumscribed to 
them is (u, v) 1— Ci{v) + u[c2{f{v)) — ci (v)], where f(v) is determined from [c2{f (v)) — ci{v)]'^ [c'i{v) x 
c'2{f{v))] = 0, that is C2{f{v)) — ci{v) belongs to tangent planes of ci and C2; isotropic developables 
are the developables circumscribed to a finite curve and C(oo). 

With ei, 62, 63, ejck = Sjk the standard basis of C'^ and /i := '^^^^ the standard isotropic vector 

we have Y{v) := —v'^fi + 2fi + 2ve3 the standard parametrization of the rulings of the isotropic cone 
and the isotropic developable circumscribed to c{v) is {u,v) i-)- uY[f{v)) + c(u), c'(u)-^F(/(w)) = 
(there are two choices of f{v) except for c'{v) isotropic). 

If Xq C C'^ is a surface with degenerate linear element, then its tangent planes are isotropic 
and we can take the curves whose tangents are isotropic as the curves v =ct; thus OuXq = 
a{u, v)Y{'w{u, v)), dyXo = b{u, v)Y{w{u, v)) + c{u, v)Y'{w{u, v)); after a change of coordinates we 
get 9„ 2:0 — a{u,v)Y{v) (so after another change of coordinates xo('«, w) = uY{v)+c{v), Y{v)'^c'{v) = 
0) or duXQ = a{u,v)Y{u), dyXo = b{u,v)Y{u) + c{u,v)Y' (u) (in this case from d^yXg = dyaY{u) 
we get b = c — Q, & contradiction) or xq — uY{w) + vY' [w), w —ci. 
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3. 3-DIMENSIONAL INTEGRABLE ROLLING DISTRIBUTIONS OF FACETS 



Assume that we have a 3-dimensional distribution of facets 

(p, P) = w), P{u, V, w)), p £ P, du A dv A dw ^ 

in C'^ with normal fields m — ra{u, v, w) CZ \ {0}, mJ-P. 

With d- := du ■ du + ■ dv + ■ dw — d ■ +9^, • dw if the distribution of facets is integrable, 
then along the leaves we have 

(3.1) = m^dp = m^{dupdu + d^pdv + d^pdw) = {dp + d^pdw). 

Assuming m^dwP 7^ 0, applying the compatibility condition m^dwpdA to (|3.ip and using the 
equation itself we get the IC rn^dwP 7^ 0, {dwni^dp — dm?" d^p) A m^dp + m?" dwpdm?' A dp — 0, on: 

{3.2)ni^dwP 7^ 0, {dp x d^p)^ A (to x dm) + ^{d^m x m)'^{dp x Adp) — 0, du A dv A dw ^ 

(in order to get the 1-dimensional family of leaves c =ct from the integration of p.ip {w — w{u, u, c) 
for m^ dupm^ dyp ^ Q or w — w{u, c) for m^duP ^ 0, m^d^p = 01 w — w{v, c) for m^duP = 
0, m'^duP ^ OT w = c for m^duP — m^d^p — 0), (|3.2[) must be identically satisfied (without 
imposing a functional relationship between u,w and w. note that the scaling of to is irrelevant, but 
TO may be isotropic, in which case the leaves are isotropic developables)). 

Since along the leaves we have ^dp x Adp — [(73 — ^^t™ p )duP] x [(-^^3 — ^^r§^)dvP\du A dv = 

[(^3 - ^^YViduP X d,p)du A dv and ker[(/3 - = Im(/3 - = (^.p)^, the 

leaves are 2-dimensional unless dwP^{duP x dvp) = (note that along the leaves we need duAdv ^ 
in order to preserve the 3-dimensionality of the distribution of facets). 

By symmetry in the variables (u, v, w) the only remaining singular case to discuss is when along 
the leaves we have m^ dp — m^d^p = 0, du A dv ^ 0, in which case d^p^ {dp x Adp) — 0, so the 
centers of facets are situated on a surface, curve or point. Using d{m^du,p) — dw{m^dp) ~ and 
applying the compatibility condition dA to = m^dp = m^dp we get the IC = dm^ A dp + 
{dm^dwP — dwTn^dp) A dw = dm^ A dp, or 

(3.3) m^dwP — 0, rn^dp = 0, dm^ Adp = 0, du A dv A dw ^ 0. 

In this case the 3-dimensional integrable distribution of facets is just a 2-dimensional integrable 
distribution of facets (the tangent planes of a surface, curve or point), each facet being counted 
with the simple 00 multiplicity of w (the dependence on w is irrelevant to our problem). 

We can distribute the distribution of facets along the surface xq = xo{u,v) (the parameters 
{u, v) and w are individuated such that to each point of xq corresponds an 1-dimensional family of 
facets of the distribution depending on w; thus one must discuss singular cases according only to 
the symmetry u ^ v); a-priori the distribution of facets has no other relation to xq. 

By referring V := p—XQ, to to dxQ and A^o (|3.2p becomes an equation involving the geometry of xq 
(depending on the linear element and linearly on the second fundamental form; by an application 
of the GauB theorem the terms of the second fundamental form appearing quadratically group 
together to give dependence on the linear element). 

The natural question thus appears wether the IC (|3.2p depends only on the linear element of xq 
(that is we require the cancellation of the coefhcients of the (linearly appearing) second fundamental 
form); equivalently if we roll xq on an applicable surface {x,dx) = {Rxq + t,Rdxo), then (|3.2p is 
still satisfied if we replace V,m,xo with RV,Rm,x (note that by referring V,m to dxg and Nq, 
their coefficients may depend on dxo and A^Oi so the derivatives of these coefficients may depend 
on the second fundamental form of a:o; we ignore this dependence in our considerations since the 
coefficients themselves are preserved by rolling). 

Note NjVdNo+d[{l3-NoN^)VfNQNo = (A^o x dNo) xV is the part of dV depending (linearly) 
on the second fundamental form of xq, so in (j3.2p we need to consider the condition that the terms 
that do not depend linearly on A'o x dNo cancel and individuate those that depend linearly on 
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A^o X dNo to be cancelled separately by replacing (...)"^ A (iVo x dNo) = with (...)"^ dxQ = 
(thus the use of w = R^^{N x dN) — Nq x dNo and (|2.1ip becomes clear). 

Equation ([Sj]) becomes + a;o) - (iVo x dNo) xV] + {No x dNo) x F) x A [m x {[dm- 

{No X rfiVo) X m] + {No x diVo) x m)] + i(a^,TO x m)^[([d(y + a;o) - (A^o x dNo) xV] + {No x dNo) x 
V) X A{[d{V + Xo)-{NoX dNo) xV] + {No x dNo) xV)] =0 (note that in the reflected distribution 
of facets V' := {I3 — 2NoNo)V, m! :— {I3 — 2NoNo)m the terms depending linearly on the second 
fundamental form have changed signs); by separating the terms as explained we get the IC 

m^d^y ^ 0, 2[{d{V + xo) - {No x dNo) x V) x d^,Vf A [m x {dm - {No x dNo) x m)] + 
{dn,m X m)'^[{d{V + xo) - {No x dNo) xV)x A{d{V + xo) - (A^o x dNo) x V)] 
+ [dn,{m xV)x{mxV)+ m^d^Vm x VfNoN^{dNo x AdNa) = 0, {[d{V + xo) - 
{No xdNo)x Vf[mdn,{ m X V) — dw'ni{m x V)] + dn,V'^{dm - {No x dNo) x m)m x V 

(3.4) -■m^dy,V[d{m x V) - {No x dNo) x (to x V)])"^ dxQ =0, du A dv A dw ^ 0. 

Thus we have a 3-dimensional IRDF provided p.4p is identically satisfied (without imposing a 
functional relationship between u,v and w). 

In the case of tangential distributions of facets {V'^No = 0) (|3.1I) for the rolled distribution 
of facets becomes m'^[—V'^{uj x No)No + d{V + xo) + dwVdw] — 0; imposing the compatibility 
condition d^VdA, using (|2.7p and the equation itself we get = rn^ dwV[—d{rn^ NoV)'^ A (w x 
A^o) + dm^ A d{V + xo)] + \d^{m^ NoV)^ {lo x No) - d^m^d{V + xo) + dm^d^V] A [m^ NoV^uj x 
A^o) - m'^d{V + Xo)] =^ {N^[dy,{m:^NoV) x {v{^ NoV)]dNo + No x [-m^ d^Vd{rT{^ NoV) + 
wFd{V + xo)d^{m'^ NoV) - [d^m'^d{V + xo) ~ dm'^ d^,V]m'^ NoV])'^ Auj+ [{d{V + xo) x d^V)'^ A 
(to X dm) + ^{dwm x m)'^{d{V + xo) x Ad{V + xo))]- The last part is just p.2p : if in the first part 
we replace Aw with Qdxo, then in the obtained quantity the coefficients of the (linearly appearing) 
second fundamental form of xo cancel, so it depends only on the linear element of xo', one can 
replace the last equation of p.4[) with this first part in which we ignore the (linearly appearing) 
second fundamental form: 

m^dy,V ^ 0, 2[d{V + Xo) x d^^Vf No A N'^[m x {dm - NodNo)] + 

{dyjm X m)'^NoNo[d{V + xo) x Ad{V + xa)] 
+ [dn,{m xV)x{mxV)+ m^d^Vm x VfNoN^{dNo x AdNo) = 0, 
{No X [m^dn,Vd{m'^NoV) - {d{V + xo) + V^dNoNo)^[md^{m^NaV) - 

(3.5) a^TOTO'^A^o^] - {dm - m'^ NodNo)^ d^Vm'^ NqV])'^ dxo =0, duAdvAdw^ 0. 

If further we have the symmetric TC m'^V — 0, then we can take m =: V x No + mAo and (|3.5p 
becomes 



2[d^V X d{V + xo)Y A{V X dxo) 
{dwV X V)^{dxo X Adxo) 



Vxd^V^ 0, \^ ^ + (m^ + \YY)K = 0, 



/O.N , ^ NlWxd{V + xo)\ N^{dyjVxdV) , , , ,^ 
3.6) dm = -9^m— 2-1—— -i + m V.T r , du A dv A dw ^ 0. 

^ ' N^{d^V X V) N^{d^V xV)' ^ 

If m = 0, then (to x V^) x A'q = and as we shall see later the 3-dimensional IRDF must be a 
2-dimensional IRDF counted with the simple 00 of w such that xo,xo + V are the focal surfaces of 
a normal congruence, which contradicts V x d^V ^Q. 

Thus m ^ 0; excluding the case xo developable we can take from the first equation of (j3.6p 
and replace it into the second one; applying the compatibility condition dA to this equation and 
using the equation itself we get = d A dm = d A (— 9^,m ^" ^-^''^T^^"^^ + m ^°J^^^\^^}^^ ) =12111 



^( Nj{du,VxdlV) N^iVxdV) Njid^Vxd^dV} -, p. <[0.„Vxd(y+xo)] n Ni^iVxdxo) 
^ ^ N^(d^VxV) N^id^VxV)^ N^(d^VxV) ) ~^ ^rT^g^yxy) > N^(d^VxV) ^ 

,V'^V+d^m\V\^ 



N'^\d^vxv) 2^0 [dNo X AfiA^o)- 
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Applying to the first equation of ([311) we get ( ^^-r^a^y ^^^^ N^(dJvxV) + ^'N^JdJv-^v) '' ^ ^ 

N^^'(d^vxv) + N'i'(d^vxv) ^ N^i'id^vxv) + N^^'{d^VxV) l«^^o X AdiVo j - U, thus tlie previous 
relation becomes 



(3.7) .rx/, TMr/rM t + (ma„,m + V^d^^V)K = 0, du A dv A dw ^ 



2{d^V X dVf A {d^V X dxa) 
{dwV X V)'^{dxo X Adxo) 

and (|3.6p becomes 

iVo^[9.yxd(T/ + .o)] iVjO^l^xdV) ^ 

iVo^(a.yxy) ^ ^0 (V^ X dxo) - ^T(a^^ ^ ^) ^ ^0 X dxo) - 0, 

1 [2c)^y X + xq)]^ AjVx dxo) 2 ^ 2(9^y X A (a^y X rfxp) 

2^ X l^)^(dxo X Adxa) ' ' ^ ^ x V)T{dxo x Adxo) ^ ^ 

N^[V X d{V + xq)] 2[d^V X d{V + xo)f a {V X dxo) ,y,2. N;[ {dy,V x dV) 
N;[{d^V X V) ^ K{d^V X VY{dxo X Adxo) + ' ' ^ N;[{d^V x V) ' 
(3.8) duAdvAdw^ 0; 

applying dw to the second equation of p.8p and using the first one we get another second order 
equation in V. 

3.1. The Weingarten congruence property. We consider a 3-dimensional tangential IRDF 
with the symmetry of the TC (thus m — V x Nq + mNo and V, m satisfy (I3.6p ) and inquire in 
what case any deformation (x, dx) = (Rxq + t, Rdxo) of xq and any leaf are the focal surfaces of a 
W congruence. 

By the Darboux-Guichard's this is equivalent to the requirement that for any leaf there is an 
infinitesimal deformation of x in the direction Rm normal to the leaf, that is = j^'^\<i=o\R^^d{x + 

tpRm)\'^ = dxl (dlogpm + lo x m + dm ~ "^'"^^^;^^^+^"^' 9^m) = dxl{V x Nq) (dlogp + 

N'S[d„Vxd{V+xo)] a^V'^ji^xNo+dNg) ^ 
N^(d^VxV) N^id^VxV) >'^^ 

N^[d^V X d{V + Xq)] d^V^icux No + dNo) 
3.9 alogp = =— ^ m =— ^ . 

Imposing the compatibility condition dA on p.9p . using dw = ^°J't^'''''y^y°^^ + ^Ar''"(3^v-^'v)° ^ 
(note that for w = w{u,v,c), c =ct we have dlogdcW = — c?logp+ so up to a certain scaling 
can be interpreted as an infinitesimal deformation of w), {u! x No + dNo) x A{uj x Nq + dNo) = 

dNo X AdNo and replacing dm from the second equation of p.6p we get — —dA ^" n'^Jq^vxv)"''^ ~^ 

c, N^[d^Vxd(V+xo)] N^[Vxd{V+xo)] mO^V V ]T I ( ^ AT -y a,7AJ ^ 

^' N^(a^VxV) N^id^VxV) N^id^VxV) N'/; (d^V xV)^ 2V"^^0 ^ '^"JVoy 

^m(\^f) ]n,'-m ^o[yx-d(V+^o)] , N^^ jd^V xdV) Q^y . ^ d^V a N;^[d^Vxd{V+xo)] 

iny[ c^iogm „T^a IvT(»...VxV^ i NT(a...VxV') ^ NT{a...VxV^ 



+ 



Af(f(a„yxy) ^ N^{d^vxv) i N;[{d^vxv) ^ Nj-id^yxv) NT^(a^vxv) 

1 N^[Vxd(V+xa)] r. m3„y \T (, , ^ 4- ^ N \ TTQino- fi ldu,V xd{V+xo)] 



N^(d^VxV) ' m N;[{dn,VxV) "^N^id^VxV)^ /^^"''--'U i "-'uy ^^"^6 "to N^(d^VxV) 

^°N^{a^ v^xv)" ^ ~^ ^"J'^id'^^vxV)''^ ^N'^id^vx'v) ^ term cancels and the remaining first three 

terms boil down to (13.71). 



Note also that the IC p. 61) can be easier obtained by applying the compatibility condition dA 
to dw = """JY^Xv^yf^ + m^^;|^0^ and using the equation itself: = dA (^X^lgll^ + 

V'^{ujxNo+dN„) ^ _ d^[N^[Vxd{V+xo)]+mV^{ujxNo+dNo)] , [V xd{V+xo)] V"^ {uixNg+dNo) . 

N^id^VxV) '~ N]^{d^VxV) '^^ N^id^VxV) (d^V xV) >^ 

, N^[Vxd(V+xa)] , raV^ , , . ^ ^ _|2T1 , N^[d„Vxd(V+x„)]AN^(Vxdx„) , o 

N'i\d^vxv) +«wJ'(a„yxy) ^^'^xiVo + diVo) ' -[ N'i'(d^vxv) + + 

\v\ j^iVg (diVoxAdiVojJj^r(a^yxy)+'-^"^+'^«'"^ ^^^'(a^yxy) jv;J'(a„yxy) N'i\d^vxv) ■ 
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3.2. Applicability correspondence of leaves of a general nature. We consider the question 
wether the leaves are deformations of surfaces; we exclude the case m isotropic because all leaves 
are isotropic developables with degenerate 2-dimensional linear element. 

The leaves for a particular deformation xq are applicable to the same surface or to an 1- 
dimensional family of surfaces. 

Since we already have a correspondence between the facets of leaves given by rolling, it is natural 
to require that the applicability correspondence is independent of the shape of x. 

However, for {m x V) x Nq ^ the distribution of facets into leaves changes with the shape of 
x; thus all leaves of all rolled distributions of facets must be applicable to the same surface (and we 
have a submersion from the 3-dimensional IRDF to the distribution of tangent planes of the fixed 
surface), or (m x x A^'o = and we have to discuss only a 2-dimensional IRDF with the leaf 
having linear element independent of the shape of x. 

Consider first the general case ra^ dyjV [m xV)xNq 7^ and all leaves of all rolled distributions of 
facets are applicable to the same surface y = y{ui, vi) — y{ui{u, v, w), vi (u, w, w)); if for a particular 
deformation of xq one knows the applicability correspondence of all leaves to the surface y, then 
one finds the applicability correspondence to y of all rolled leaves (including the case of leaves with 
degenerate linear element) by composing the rolling of the particular leaves on y with the inverse of 
the rolling of xq on x. For ui, vi =ct from the three independent variables u, v, w only one remains 
independent, thus giving the submersion from the IRDF to the distribution of tangent planes of y 
(equivalently we count each facet {y,dy) with simple 00 multiplicity). 

The function w = w{u,v,c) is given by the integration of the rolled (13.11) ni^{uj x V + d{V + 
xo) + dwVdw) = 0; thus a-priori w depends also on oj and we have 



"('^ - X y + d(y + xoW - \dy - ^r,Sv -'-y^ 

(3.10) V uj satisfying ([2n 



The leaves are applicable to different regions of y because the constant c in w = w{u, v, c) changes 
for u fixed and for different w w changes; however in order to be determined by the rolled p.ip . 
w is not allowed to be linked to w by any other relation, either functional (as a-priori p.lOp is) or 
differential; thus in (|3.10|) uj cancels independently of w and outside w we can replace uj with any 
other a; satisfying m- With M := (h - I^Vih -^^)- (J|^mm^, J\f := 
weh'Ave d{V + xo)'^ Q[Md{V+XQ) + 2J\f]-\dy\^ = (ujxV)'^ Q[M(ujxV+2d{V+XQ)) + 2J\f] = 0, Vw 
satisfying (|2.7p : in particular it is true if we replace cu with uj :— —2Nq x dNo, —uj — 2Nq x dN^; with 
no := {NoxdNo)xVweha.ven^Q[M{no-d{V+Xo))-Af] = {ujxVfQ[M{no~d{V+Xo))-N] = 
(cj X V)"^ Q M{uj X V + 2rio) = 0, Vw satisfying (|2.7p . For uj + eSuj infinitesimal deformation of 
UJ (that is {6uj)-^ = 0, d /\ 5uj + 6uj x Aw = 0, 6uj x Adxo — 0) from the last relation we get 
{6uj X V)'^ Q J\4{uj X V + fio) — 0, satisfying p.7p and 6uj infinitesimal deformation of uj. 

Thus excluding xo developable we need d(y + xo)'^ [Md{V + xq) + 27V] - \dy\'^ = 0, [V x 
M{dxo X V)] xNq^[V X (Md{V + xq) + N)] x iVo = 0. 

If V'^Nq ^ 0, then we need V x A4{dxo x V) — V x [Aid{V + xq) + JV] = 0; in particular we 
get = (m X V)^M{dxo x V) ^ {m x Vf{h - ^^^){dxo x F), so {h - f^^'Kdxo x V) x 
^(^3 - ^^)idxo X F) - (dxo X AdxoVNoN^Viih - fr^)*]^^ is a multiple of m x F; since 

ker[(/3 - T^yf = I™(^3 - = (d^oV)^, M{h~ I^Tf - Cm and excluding m 

isotropic we get V^d^V = and further d^^V = v x V, v^TVg = 0; similarly we get dyjV'^[d{V + 
Xq) X Ad{V + Xq)] = 0, that is the leaves are (isotropic) curves or points. But the choice of surface 
Xq was irrelevant, so this property must be true if we replace Xq with x and V with RV, that is 
= d^V^[{uj X V + d{V + xo)) X A(w x V + d{V + xo))] = -2N^VN^{uj x v) AV^d{V + xq), V w 
satisfying (|2.7p . or N(f{dxo x v) A V^d{V + xq) = 0; such a configuration, even if it existed, does 
not apply to our considerations since we are looking for leaves which are surfaces. 
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Thus we have the TC V'^ Nq ^ and we need d{V + x^Y [Md{V + xq) + 27V] - \dy\'^ = 
0, N^MNo = 0, N^[Md{V + x^) + N] = 0, so \d^y\'' = d^V^{h + j^^!?^)d^V, d^y^dy = 
d{V + xoVih - iVoiVo^)(/3 + j^f^)d^V, \dy\^ = d{V + xoVih - NoN^){h + T^;Ww^){h ~ 
NQN^)d{V + xo) (notem^iVo = (m x x iVo = 0); thus \dy\'^ = d{V + xaf{h- NoN^){h + 
j^^^){h - NoN^HV + xo) = \{h- ^^)d{V + xor and 

(3.11) dy = Riih % — )d(V + Xo), Ri C 03(C), du A dv A dw ^ 0. 

TO-* No 

Note that since along the leaves we have iri^d{V + xo) — 0, Ri is the rotation ol the roUing of 
the leaves on y; if we replace xo with an applicable surface x — Rxo + t, then i?i is replaced with 
R\R ^ . 

Imposing the compatibility condition R^^dA on p.lip we get = [Ri^dRi{l3 — m'"No ) ~ 

d{^^fjf^)] A d{V + Xo); with R^^dRi —: flidu + D,2dv + fl^dw this constitutes a linear system of 
9 equations on the 9 entries of il^, j = 1,2,3 with the rank of the matrix of the system being 
6, so the rank of the augmented matrix of the system must be also 6 and the solution R^^dRi 
must also satisfy the compatibility condition dA (R^^dRi) + ^[Ri^dRi, AR^^dRi] = 0; these are 
the necessary and sufficient conditions on the 3-dimensional tangential IRDF in order to obtain 
applicability correspondence of leaves of a general nature. 

By applying, if necessary, a change of variable w = w{w, u, v), we have No[d{V + xq) x Ad{V + 
Xo)] ^0 and the above considered linear system is consistent for 



diV + Xo)^{h - -rW^ ® [di^Tr)d.nV - d^{^^)diV + xo) 
~" ' No No Nq 

' NoraL 



di^^) A diV + Xo) 

(3.12) 2N^[d^V X diV + xo)] J. ; j^" \ ^ ; , ' , J ^ 0, duAdvAdw^O; 

A'o [d[V + Xo) X Ad{V + xo)] 

if we further assume the symmetric TC rri^V — 0, then by using p.6p p.l2p is satisfied. 

3.3. The singular cases. The law p.ip of distribution of facets into leaves is independent of 
roUing if = ni^{uj x V + d{V + xq) + d^Vdw) is independent of w, Vw satisfying p.7p . that 
is for {m X V) X No — 'i^ V^No = No = V m = in which case we have an arbitrary 
1-dimensional family of 2-dimensional IRDF {w can be prescribed in any continuous manner). 

In the case of 2-dimensional IRDF we have = m'^{uj x V + d{V + xo)), Vo; satisfying (12. 7p . 
so (m X V) X No = and for the cancelling of the coefficients of the linearly appearing second 
fundamental form we get the vacuous = [d{m xV) — {No x dNo) x (to x V)]"^ A {No x dNo); thus 
we need only 

(to X V^) X iVo = 0, 2(dm - (iVo x dNo) x m)^ A {d{V + xo) - {No x dNo) x V) + 

(3.13) (to X V)^{dNo X AdNo) = 0. 

In the case m = V we have V^d{xo + V) = 0, so \V\'^ ^ and xq + sV forms a normal congruence; 
if V'^No ^ 0, then we have envelopes of sphere congruences (facets are tangent to spheres centered 
on Xo)- 

Dupin and Malus studied normal congruences; they remain normal after reflections and re- 
fractions in surfaces and this property is independent of the shape of the surface (that is if we 
transversely capture a normal congruence in xq, deform xq and release the congruence after a 
constant angle refraction law, it remains normal), which explains the fact that envelopes of sphere 
congruences centered on a surface are independent of the shape of the surface (Beltrami) ; conversely 
Levi-Civita proved that any two normal congruences can be transformed one into the other by two 
reflections or refractions in surfaces. 

If we tangentially capture a normal congruence in xo (to — V, V'^ No — 0), then xo is a focal 
surface of the normal congruence. The developables of the normal congruence are generated by 
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varying the normals on a normal surface along the lines of curvature; they envelope an 1-dimensional 
family of curves on each of the focal surfaces; thus this system of curves give a conjugate system on 
both focal surfaces. Since the tangent planes of the two focal surfaces are generated by the normals 
of a normal surface and the tangents of one of its lines of curvature, the osculating plane of a curve 
on a focal surface (whose tangent surface is one of the developables of the normal congruence) is 
normal to the tangent plane of the respective focal surface and thus the curve is a geodesic (see 
Eisenhart ([9,, §74)). 

If we deform xq and release the congruence, then it remains normal with the same focal surfaces 
(but the linear element of the other focal surface and the other curves of the conjugate system 
change except for normal W congruences (see Bianchi ([5j,Vol 4,(202)))): take an 1-dimensional 
family of geodesies v —ct on xq and their orthogonal trajectories u =ct; the normal congruence is 
formed by the tangents to geodesies. We have the linear element \dxo\'^ = du'^ + G{u,v)dv'^ such 
that the curves v =ct are geodesies on Xq. From p = xq + s{u, v)duXo, = dux'^{dp A xc?p) = 

s{duXo X dlxa)'^{dvXo + sdl^xojdu A dv we get p ^ xa - lo"xoxdixo)T ai^xo ^" ^ " = - 2-^duXo 
(we exclude the case of developables (9„G = 0, when such a surface p does not exist); the normal 
surfaces are given by xq + (c — u)duXo, c =ct, so u is, up to addition with a constant, a principal 
curvature (see Eisenhart ([S],§76)). In particular since by Chasles's theorem the common tangents 
to 2 confocal quadrics form a normal congruence that envelopes geodesies on the 2 confocal quadrics, 
if we capture this normal congruence in a quadric, deform the quadric and release the congruence, 
then it remains normal with the same focal surfaces (but the linear element of the other focal 
surface changes). The linear element of the other focal surface is independent of the shape of x 
only for normal W congruences, when both focal surfaces are applicable to surfaces of revolution, 
with the geodesies on xq corresponding to meridians. 

In the case V'^Nq — m^No — 0, |mp ^ the configuration is obtained by taking xq the envelope 
of a family of normal planes to the leaf p (planes containing the direction to; to each point of p 
corresponds a plane); the facets and the surface xq are thus individuated and if we deform xq, then 
the rolled distribution of facets is still integrable. If the particular leaf p is a curve, then we take 
the intersection of tangent planes of xq with p and the facet is tangent to p and normal to the 
tangent plane of xq] if the particular leaf p is a point, then xq must be a cone passing through p. 

If one of the isotropic directions in each facet of the distribution can be brought for a particular 
deformation xq to coincide for all points of xq , then the leaf in this particular position is an isotropic 
line (since it cannot be isotropic developable). In this case we can take any isotropic developable 
containing this isotropic line, intersect the tangent planes of xq with it to obtain curves c — c{u, v, w) 
in Txq such that the 3-dimensional distribution formed by the facets normal planes of c is integrable 
for all deformations x of xq (Ribaucour and Darboux; see Darboux (|3,§ 762)). Such is the case 
for cyclic systems (the generating isotropic developable is a null cone and the curves are circles 
in tangent planes of x). If rri^V = 0, then V is a. normal congruence (captured tangentially in 
Xq) with V + Xq being the other focal surface; if further this is a normal W congruence, then the 
construction above is possible and we get the deformation of a surface of revolution to an isotropic 
line (see Darboux ([8], §169)). 

In what concerns ACLGN assume that we have all rolled leaves applicable without collapsing 
ansatz: 

{ujxV + d{V + xo)f{uj xV + d{V + xq)) = d{V + xofd{V + xo) non — degenerate, 
(3.14) Vw satisfying (|2Jl) . 

This becomes {ui x V)^ Q {lu x V + 2d{V + xq)) ~ 0, Vw satisfying ()2.7|) : in particular it is true for 
w := -2No X dNo, -oj ~ 2No x dNa; with flo := (Nq x dNo) x F we have fl'^ {flo - d{V + xq)) = 
0, (w x V)'^ Q {u X V + 2ilo) = 0, Vcj satisfying (|2.7I) . For w + eSu infinitesimal deformation of lo 
(that is (<5w)^ = 0, dA6uj + 6uj x Aw = 0, 6ujx Adx^ = 0) we get {6uj x V)'^ Q{uj x V + Hq) = 0, Vw 
satisfying ()2.7p and duj infinitesimal deformation of cj, a contradiction. 
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Thus p.l4p must be refined to assume collapsing ansatz of leaves: for a particular deformation 
of xq (which can be taken to be xq) the leaf has degenerate 2-dimensional element and must be a(n 
isotropic) curve or a point. 

For m = V the sphere congruence is defined so that the spheres centered on xq are tangent to 
the given (isotropic) curve or point; the linear element of the leaves depends however on the shape 
of X. 

Note however that envelopes of sphere congruences enjoy other properties; it is worth mentioning 
here the sequence of events that led Bianchi to his discovery of the B transformation of quadrics: 
in 1899 (and based on an earlier result of 1897) Guichard discovered that when a quadric with(out) 
center and of revolution around the focal axis rolls on one of its deformations, its foci (focus) 
describe CMC (minimal) surfaces (thus generalizing an earlier result of Bonnet on the rolling of 
the unit sphere on a CGC 1 surface; since a surface of revolution can be rolled on the axis of 
revolution with the arc-length of the meridian corresponding to the arc-length of the axis, this is 
also a generalization of Delaunay's generation of CMC (minimal) surfaces of revolution with the 
meridian being described by a focus of a conic as the conic rolls on the axis in a meridian plane) 
and the same result for the intersections of the isotropic rulings of the quadric with the tangent 
planes of the quadric (in this case according to Darboux the CMC (minimal) surfaces are the rolled 
foci (focus) as the quadric rolls on the complementary transform of the considered deformation). 

Building on Guichard's result Darboux reduced the deformations of the Darboux quadrics with 
center to the deformations of the (pseudo-)sphere (Goursat had integrated earlier the equations for 
the deformations of certain Darboux paraboloids): if we intersect the tangent planes of a surface 
with a(n isotropic) plane and consider the resulting congruence of lines as the surface rolls on one of 
its deformations, then the focal surfaces of this congruence are obtained from the intersection of the 
common conjugate directions with the lines and the conjugate system induced by the developables of 
the congruence on the focal surfaces corresponds to the conjugate system common to the surface and 
its deformation; if the plane is isotropic, then the congruence is normal and the parallel surfaces are 
given by the intersection of the isotropic lines of the isotropic plane with the line of the congruence 
(thus they are envelopes of rolling congruences of the isotropic lines of the isotropic plane). 

In Guichard's result with 4 isotropic rulings (situated in two isotropic planes) the 4 points in 
the tangent plane are situated on the rulings at the tangency point; since the asymptotes and 
any conjugate system are harmonically conjugate we get two normal congruences each having two 
parallel surfaces in harmonic ratio with the focal surfaces and this configuration is possible only if 
the two parallel surfaces have CMC (this configuration is preserved under conformal changes of the 
space that preserve geodesies, so we get parallel CMC surfaces in space forms by changing Cayley's 
absolute; see Bianchi ([5],Vol 4,(108))). 

Thus Guichard's for isotropic rulings remains valid if we consider only two parallel isotropic 
rulings in an isotropic plane, that is a Darboux quadric with center. 

Darboux inquired what becomes of Guichard's result if we consider the intersection of the 8 
isotropic rulings on the general quadric with tangent planes; the resulting surfaces (envelopes of 
rolling congruences of isotropic rulings of the quadric) are isothermic (surfaces with isothermal 
lines of curvature) with the lines of curvature corresponding to the conjugate system common to 
the quadric and its deformation (thus in conformal correspondence); however, since the deformation 
problem depends on two functions of a variable and the space of isothermic surfaces in conformal 
correspondence is much larger, Darboux sought to find the properties that individuate the special 
isothermic surfaces obtained above. 

The surfaces corresponding to parallel isotropic rulings have same normal direction and form a 
harmonic ratio with the focal surfaces of the congruence of their joins (thus giving the involutory 
Christoffel transformation of isothermic surfaces) and the surfaces corresponding to isotropic rulings 
that intersect (at unibilics) are leaves of the cyclic system generated by the isotropic cones at 
umbilics; thus they are envelopes of a sphere congruence. 
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Conversely, Darboux proved that any isothermic surface appears as envelope of a 4-diniensional 
family of sphere congruences whose other envelopes are isothermic surfaces in conformal corre- 
spondence with the given isothermic surface; thus introducing the Darboux (D) transformation of 
isothermic surfaces (a particular case of Ribacour transformation (envelopes of sphere congruences 
with correspondence of lines of curvature; note however that this property is independent of the 
shape of the surface of centers only if it is applicable to a quadric of revolution), which in turn cor- 
responds via Lie's contact transformation (which exchanges the points and planes of facets) to the 
B transformation of the focal surfaces of a W congruences); later on he found the sought character- 
ization of special isothermic surfaces and the fact that in the 4-dimensional space of D transforms 
of a special isothermic surface a 3-dimensional sub-space are special isothermic associated to the 
same quadric; thus the space of special isothermic surfaces associated to the same quadric remains 
closed under the iteration of the D transformation, which provided the first theory of deformations 
of general quadrics depending on arbitrarily many constants. 

Building on Guichard's and Darboux's results Bianchi proved in 1899 the inversion of Guichard's 
result (all CMC (minimal) surfaces can be realized in a 2-dimensional fashion as in Guichard's result 
and if a point rigidly attached to a surface generates CMC (minimal) surfaces when the surface rolls 
on its deformations, then the surface and point must be as in Guichard's result); in 1904 he proved 
the BPT for the D transformation of isothermic surfaces (the iteration of the D transformation can 
be realized using only algebraic and differential computations) and provided a simple geometric 
interpretation of Darboux's characterization of special isothermic surfaces: they are the closure of 
CMC surfaces under conformal transformations of the space (see Bianchi ([5], Vol 4,(108))). 

In trying to see what becomes of Darboux's result for CMC ^ surfaces he realized that the 
transformation induced for CGC 1 surfaces is not a fundamental one, but rather the composition 
of two such ones; thus he found in 1899 the B transformation of the sphere (the reason this B 
transformation was discovered much later than that of the pseudo-sphere is that at the first iteration 
it gives complex leaves; one needs the iteration of two complex conjugate B transformations (via 
the BPT) to get back real surfaces), which he later generalized to quadrics of revolution and 
paraboloids (1905); once he realized that the applicability law of the leaves is given at the level of 
confocal quadrics by the Ivory affinity he generalized the B transformation to all quadrics [1] . 

For m^No = V'^ No = consider the defining surface xq such that the leaf is a curve c = 
c(s); the tangent planes of Xq cut c at points p and at those points m = Nq x c'(s). We have 

= Nf[{c{s) — xo), so ds = — frT°,Y.-, and the linear element \uj x V ~ tT°,J \ c' {s)\'^ — \V'^{ijj x 

iVQ C (Sj iVQ c (sj 

iVo + rfA^o)P + T^^iP^\c'{s) X iVo|2 of the rolled leaf must be non-degenerate independent of w 

for most w 7^ 0, — 2Nq x (INq satisfying (j2.7p . Using (|2.3p this becomes ((iVo X V)'^R-^dNf being 
independent of the shape of x for most deformations x of xq; if we refer xq to a system of coordinates 
formed by the curves u =ct envelopes of the tangent field NqxV and their orthogonal trajectories 
V =ct, then we need (N'^ddyx)'^ to be independent of shape of x for most deformations x oi xq, so 
we get a normal W congruence. 

If the original leaf is a point p, then Nq{p — xq) = 0, dNg{p — xq) = and xq is developable 
with rulings passing through p. 

For {m X V) X Nq ^ 0, nv^d^V = to each point of xq we associate an 1-dimensional family 
of facets centered on a curve (or at a point) in a leaf. If the leaves of the original distribution are 
an 1-dimensional family of points, curves or surfaces, then we can take the parametrization {u, v) 
on Xq such that as u varies the curve of facets varies in its leaf and as v varies the curve of facets 
varies in different leaves; if the original distribution is just the facets tangent to a curve, each facet 
being counted with simple oo and such that the facets associated to a point of xq are the simple 
oo of facets centered at a point (counted with the simple oo of w), then again we can take the 
parametrization (u, v) on xq such that when u varies we get the simple oo multiplicity of the facet 
and when v varies we get facets centered at different points; the remaining case is when the original 
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distribution is just the facets tangent to a curve or surface, each facet being counted with simple 
DO multiplicity, but such that the facets associated to a point of xq are centered on a curve. 

However, only the case of the symmetric TC is pertinent to our considerations and we shall not 
discuss it here. 

4. 3-DIMENSIONAL INTEGRABLE TANGENTIAL ROLLING DISTRIBUTIONS OF FACETS WITH 

COLLAPSING ANSATZ 

In the case of collapsing ansatz of leaves (for a particular deformation of xq (which can be taken to 
be xo) the leaves of the 3-dimensional IRDF collapse to an 1-dimensional family of points or curves) 
without the TC one can derive the IC by requiring that the reflected original distribution is also 
integrable with the cancelling of the (linearly appearing) terms containing the second fundamental 
form of Xo- 

However, since we are interested in ACLGN this IC does not apply to our considerations, so we 
have to further assume the TC. 

Assume that we have a 3-dimensional tangential distribution of facets 

{P,P) = {p{uo,vo,w),P{uo,vo,w)), peP 

distributed in the tangent planes of the surface xq = xo{uo, vq) ■ V := p — xo, V^No = 0. 

Further assume that the IC of this distribution depends only on the linear element of .tq, that is 
if we roll Xq C xq on one if its deformations (a;°, dx^) = {RoXQ+to, dx^), then the rolled distribution 
of facets (i?oP + to, RP) = {RoV + PoP) remains integrable with leaves x^ (and normal fields 
Roml). 

Further assume that for one of the rolled distributions of facets {Rop+to, RoP) the leaves collapse 
from surfaces to curves (if they collapse to points, then the rolled leaves are always curves); we can 
take that defining distribution to be the initial one and thus xq is the defining surface of the IRDF. 

The leaves of the defining distribution of facets are an 1-dimensional family of curves that gener- 
ate an auxiliary surface x^ (assume that we don't have a curve counted with simple oo multiplicity, 
in which case the rolled leaves are always curves). 

If we reflect the distribution of facets in the tangent bundle of xo (that is we roll xo on its other 
side), then we get a 3-dimensional integrable distribution of facets centered on Xz, so the leaves are 
also curves that generate x^- 

Excluding the case (7Vg)-^mJ = (when the two families of curves coincide and we get an 1- 
dimensional family of 2-dimensional IRDF) and the case when xo = a;^ is a ruled surface with the 
leaves of the distribution being the rulings of xo (note that we also have to exclude xo developable, 
in which case by deforming it to a plane we get the rolled Xz (captured in the 1-dimensional family 
of tangent planes of xo) the same plane, so the plane itself is defining and auxiliary surface, but the 
planes of the facets (which must be tangent planes of curves in this plane) must leave the plane, 
so we are in the previous situation), the two families of curves give a parametrization (ui,vi) 
of Xz suited to our purposes; {Vq)'^Nq = 0, Vq := x], — Xq imposes a functional relationship 
between the four independent variables uq,vq,ui,vi, leaving only three of them independent and 
any other needed functional relationship between the four independent variables Uo,Vo,Ui,Vi must 
be a consequence of {Vq)'^Nq = 

We have the reflection property 

(4.1) {mlfd^ixl = {mlfih - 2NS{N°f)d,ixl = 

and R^^dx^ = d{Vf^ + x'^) + R^^dRoVf^ = dxl +^o^ V^j , cjo := A^o x i?o ^rfi?o^o • But (cjq)-^ = 
and dxl = du^xldui + dv^xldvi, so = {RomD'^dx^ (and similarly = {RqUIq )^ dx^ for R'q = 
Ro{l3 - 2N^{N§)'^), Lj'o = -wo - 2N^ x dN§) becomes: 

- {VoY{<^o X NS){mlfN^ + {mlfd,,xldvi = 

(4.2) (<(^ -{Vof{u)'o X NS){ml'fNS + {ml'fdu^xldui =0)<^ Bz transformation. 
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We get the transformation B'^ for the reflected roUed distribution of facets by the change rnj) O 
(wi,mj') or Wo "^o- Since the distributions of facets I?, I?' with normal fields r7ij,mg' reflect in 
Txq, the rolled distributions of facets (Rojto)!^, {Ro,tQ)'D' reflect in Tx^, so B'^{x'^) is just Bz{x'^) 
when Xq rolls on the other face of a;° . 
Using ((4T|) (|4?2|) becomes: 

(4.3^ {V,lf{ojo X 7V°) + 2(9,,xl)^<dt;i = -CK)')^(^o x O + ^{du.xlf N^dui = 0). 

(because = (l((yo^)^7Vo°) = (a^,ia;i)^iV5dui + {du.xlf N^^dui + {Vo^fdNl^ the equivalency of the 
equations of (|4.3p is clear). 

Imposing the compatibility condition dA on (|4.3p and using the equation itself we get th e IC 
= -{du.xldui + dy.xldvi)^ A (wo X N°) + 2{dl^.^^xlY N^,dui A dv^ + 2(9,,xi)^diV0 A dwi 

^[^0 X ( (,„;^:i^^o + j^^^wN^.idN^.YAu, + {dN^.n^ k x ij^^^ + js^^r a 

, , _ (-32 ^l',TArO ('^<)^Vo'A(WgxVo^)^c^o _ M/x^l ,rO\T^ 9^1^;^ N.^rO 

«)^((a:7^ + (o:^^ - (oJ!yv;j;lj;!$-A.g )(^ X A or iy^fNi ^ o ^ 

[(yo^xA^o°r(5«.4(5.,4r + 9„,xK9«,4r)7Vo°dA^o°-2(rfiVor(a„,xi(9^^ 

VQ^(9^^„^a;],)"^)A^o (^0^ x A'^g)]^ — 0. Referring to its lines of curvature parametrization we 
get (excluding x% developable) the IC 

{V^fK = 0^{h- N^{NSf)[d^,xl(d,,xlf + d,,xl{du,xlf]K = idl.AfKVo'- 
(4.4) 

If dl^v.Xz = 0, then x,iui,vi) = /(ui) + g{vi), f{u^) x g'{vi) ^ and {V^Y = ^ 
fim^N^, = .9'(«i)^iV0 ^ or /'(«i)^A^oV(«i)^A^o" ^ 0, ^.gil^ + ^AL^ ^ aiV^", [/' (^.i) x 
g' {vi)]^ — 0; in the first case we have — | and thus constant along the curve of 
tangency of the tangent cone of xq from Xz{ui,vi) and xq is developable and in the second case TVg 
along the curve of tangency of the tangent cone of xq from x^(mi, ?;i) must span a line or a plane; 
since the tangent cone of xo from Xz{ui,vi) cannot be a cylinder, xq is again developable. 

Note also {du,x\ x ^o') x [du,x\ x (/g - 2N^{N^f)d^,x\] = -[{V^ x N^)^ {du,x\{d,,x\f + 
dy^x\{duix],)'^)N^ + {Vq )^ N^(duix\ x d^^xlY N^^]duix\, so we are actually in the symmetric TC 
case {V^yrriQ = 0; we can take 

(4.5) ml Bidu,x\ x , mj' x ^o', := -2[(9„ia;i)^iV0(a,,xi)^iV°]-i. 

Multiplying the first equation of (g^l) with Bi{du^xlf and using -6i(9„ixJ)^7V|5'yo^ = 
- Bi{du,xl ■xV^)x = -ml x TVC" we get 

(mJ)"^a;o + 2zdvi = •i=> (ml )"^Wo + 2zdui = -B^ transformation, 

(4.6) {mlj'^ujl + 2zdvi = (mll)'^u}Q + 2z(iMi = <^ transformation. 
Using R^^dx^ = + wo x and (gJl) we get R^'^dx^ = - 2{d^^x],f N^N^dvi and 

(4.7) Idx^p = Idx^l -4(9„,a;^)^iVo"(9„,xi)'^Aro°f^^'^ 0'^^'\ 

so the linear element of the leaf x^ does not depend on the shape of the seed a;" (we have ACLGN) 
provided {V^y — Q ^ Bi — Bi[ui,vi)[-^ dBi — 0) (that is Bi does not vary when x^ varies on 
the tangent cone of xo from Xz for Xz fixed). But for Xz fixed and varying in the TC {V()Y' N^^ = 
we have {V^YdN^ = and dlog(Si) = z~^Bi{dN^'f {du,xl{d,,xl)^ +d^,xl{du,xl)^)N^ o. 

Thus all degenerate leaves vi —ct (ui —ct) are applicable to a surface j/g = yo(Mi, wi), the simple 
oo multiplicity of facets of each leaf at a point Xz corresponding to the tangent planes of yo at a 
point counted with simple oo multiplicity and with d^xl (d^j^xl) taken to the same direction duiUo 
(dviUo)', by reflection in Txo (along the points of a;o on the tangent cone of xq from Xz) we get also 
the fact that {I3 - 2N^{N^)'^)dy^xl {{I3 - 2iV^(Af^)^)9„,a;J) are taken to the same direction, since 
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the angle between these directions and the initial ones dmxl {dy-i^xD is independent of {uq,vq); 
thus these last directions must be taken to dy-^yo {duiVo)- 

For quadrics with ui , vi =ct being the ruling families on the quadric Xz confocal to (14. 4p 
(which gives integrability and applicability correspondence of a general nature) is satisfied, but 
m\ (respectively toJ') are defined by (|4.5|) with a-priori Bi = Bi{ui,vi) such that they depend 
only on Xg, vi (respectively Xq, ui) (they depend quadratically on vi (respectively ui), which makes 
(|4.6p a Ricatti equation). In this case by requiring that m\,m\ as defined by l|4.5p satisfy the 
reflection property (|4.ip we get the needed part of (|4.4p (without the coefficients of VQ^,iVo) by 
purely algebraic manipulations and the direct proof of the integrability of (|4.6p is simpler and 
enforces the definition of Bi from (|4.5p : imposing the compatibility condition 2zd/\ on the first 
equation of (|4.6p and using the equation itself we get the IC = 2z{dv^m\dvi +Bidx^ x duiX^)^ A 
ujQ + 2z{mlYdhuja =^ -{N^Y {2zml + ml x 9^,mi)(iV°)^ ""^^'""" ; using g3]), gH) and gS]) 
this becomes = {N^ f{2zml + mj x dy.ml) = "/j^.y.'X?^' - -Bi(5„,a;i)^<(Foi)^a„,mi = 
^("K, ) '■^^^"I'^^^^^^i^g^^"^! (giO^a^xyp )) ^ .^j^j^,]^ straightforward; replacing (toJ,wi) with (toq"'^,ui) 
we get a similar relation. 



4.1. The tangency configuration only symmetrizes the integrability condition. Consider 
first the case when the TC {V^)'^ = is used only to symmetrize (|4.4p : 

^dl^vi^y^ -Xz^ ct(= 0), {h ~ NoNQ)[M{du,Xzdy,x'^ + d^^x^du^x^) - x^x^ + xoxl]No ^ Q\J 
^'I9l^v,^z -Xz^ ct, {h - NoNQ)[du,Xzdy^x'^ + dy^x^du^x^ - dl^^^x^x^ - x^dl^^^x^ + 
(4.8) dl^^xzx]^ + xodl^^y,]No = 0. 

In the first case with M ~ M.{ui,vi) :— M{du^Xzdy^x^ + dy^Xzdu^x^) — Xzx"^ we have (/a — 

— with uo, Wo, ui, wi, ui, wi independent variables; applying d 
we get [M{ui,vi) - M{ui,vi)]dNQ = {h - NoN^)[M{ui,vi) ~ M{ui,ii)]dNo = N^[M{ui,vi) - 
M{ui, vi)]NQdNi), so M{ui,vi) = M{ui, vi)+Nq[M{ui,vi) — M{ui,vi)]N(il2,; differentiating this 
with respect to ui.vi we get duSMdmXz)dy^x^ + dy^Xzdu^{Mdu^XzY = N^duiM{ui,vi)Noh, 
dy^{Mdv,Xz)duix'^+duiXzdy,{Mdy,Xz)'^ = dy,M{ui,vi)Nol3, so duAMdu.Xz) = dy^{Mdy^Xz) 
= 0, =ct and we get Xz ((isotropic) singular) QC doubly ruled by leaves (the image of the unit 
sphere X — X{ui,vi) :— ~"i^i/i+^^/i+("i+^i)'^3 m^fj^gj. ^ linear transformation of C'^ with at most 
1-dimensional kernel). 

In the second case if Md^_^^_^Xz w, w = ct E {0}, then we shall see later that the condition 
imposed on xq is over-determined. 

Thus Md'^^y^Xz =w, w = ct e C'^\{0}; with :— M{duiXzdy^x^ + dy^Xzduix'^) — XzViF — wx^ 
and as above we get {Md^^Xz) — dy^ [Mdy^Xz) = 0, 7W =ct and we get Xz ((isotropic) singular) 
(I)QWC doubly ruled by leaves (the image of the equilateral paraboloid Z = Z{ui,Vi) := Uifi + 
Vifi + uiVie^ under an affine (which can be taken to be linear) transformation of C'^ with kernel 
^ Ces at most 1-dimensional). 

With J2 :— fifi , J3 fi^3 + ^ifi being the symmetric Jordan (SJ) blocks of dimension 2 
and 3 any A — e M3(C) can be brought, via conjugation with a complex rotation, to a form 
with diagonal blocks, each block being a number or a/2 -I- J2 or a/3 + J3, a € C and, since one can 
take square roots of any SJ matrix without isotropic kernel, any A e GL3(C) has singular value 
decomposition (SVD) A = RiDR^, /?i,i?2 € 03(C), SJ. 

We have 

- i(u - vfidyXdyX^ + dyXduX^) ^ X x^ = -I3, dlyX 

(4.9) duZdyZ^ + dyZdyZ^ - SlyZ Z^^ - ZdlyZ^ 
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= -7 X = X{u,v) 

= hII + hfL Z = Z{u,v), 



becomes 

(/a - NoNq){-AA^ + xox'^)No = 0, dim(ker(yl)) < 1 for = (isotropic) singular) QC, 

(/3 - NoN^)iAifJl + hfT)A^ + 0:0(^63)^ + ^63X^)^0 = 0, dini(ker(^)) < 1, 

(4.10) Ae:i ^ for = AZi ((isotropic) singular) (I)QWC; 

for Xz ((isotropic) singular) QC one can multiply A on the right with a rotation i?2 G 03(C) (which 
has the effect of changing each of by the same Mobius transformation); for Xz ((isotropic) 

singular) (I)QWC one can muhiply A on the right with e°i(e^°Vi/f + e"''''/i/r) + e2=ie3e|' (which 
has the effect (ui,t;i) — ?> (e~'^i~*'^^ui, e~^i~'"*'^^wi)) or with the reflection 62 —62 (which has the 
effect ui O wi); in both cases one can multiply A on the left with an arbitrary rotation (which 
must also apply to xq). 

For Xz ((isotropic) singular) QC apply this rotation to bring AA'^ to the SJ canonical form; 
for ker(^^'^) containing the isotropic direction /i we have AA^ = J2 + ae3e|", a e C or = J3 or 
= ae^icl, a G C \ {0}. 

In the first case with xq -^/i + -^/i + V2ze3 we have cLxq = (^/i + ^'S3)'^w + (^/i + 

^|e3)dw, A^o = V2a "zO^- z+^' ^ ^^'^ ^aeed 2a9wZ + (w + 29wz)(w9wZ + w9wZ - 2z) = 
— 29wZ + 2a9wZ + (w + 29wz)(w9wZ + w9wZ — 2z) = 0, 2c'wz9wZ + z 7^ 0. 

For a 7^ we have w + 29wZ 7^ 0, so 9wZ = — ^°^"'^+(^^'^'^^)(^^"'^~^^) a^d c)wZ is a root of the 
cubic equation + (w + a-w)X^ + |;(w^ + 2aww — 4az + 2a?)X — ^awz = in A"; the condition 
that this equation has a triple root is over-determined (it imposes two functionally independent 
conditions on w,w,z) and the condition of it having two distinct roots (with 9wZ double root) 
leads to xq being the isotropic developable circumscribed to one (and thus to the other) of the 
conies ^ — h j2z, = l/\w = 0, — 20^^^ ~ ~ lAz = which extended with the isotropic 

plane f^x = determines the confocal quadrics below. 

Otherwise applying 9w to this cubic equation we get = 0, so z = wF(w) + G(w) and 
we need = [w + 2i^(w)][wF(w) - F(w)] = 2aF(w) + [w + 2F(w)][wG"(w) - 2G(w)] = [1 + 
2F'(w)][wF'(w) - F(w)] = 2aF'(w) + [1 + 2F'(w)][wG'(w) - 2G(w)] + G'(w)[wi^'(w) - i^(w)] = 
-2F(w) + G'(w)[2a + wG'(w) - 2G(w)], so F{w) = cw, c G C \ {-1, 0}, G(w) = + 

l^^i^w^; this leads to being one of the confocal Darboux quadrics x'^AR^^x^^, = 1, A := 

(ai/3 + J2 + ae^eT^)^^ , ai G C \ {0, — a}, Rw ^3 — wA, w e C \ {01,02 ai + a};_since 
AR~^ — ((ai — w)l3 + J2 + ae3e|')~^ we can take w = for xq. In this case Az — /i(§/i + 7/1)"^ + 
V^ese^, z G C \ {0} and Xz = iJ^t^/i + v^f^eg, z G C \ {0} is the isotropic plane /fx, = 
with rulings the lines tangent to the conic [f'^XzY + ^(ej^a;,)^ = 1 obtained for +UiVi = (this 
is the same conic as the one in the plane w = generating the isotropic developable above); this 
is the isotropic singular quadric of the above considered family of confocal quadrics (obtained for 

w = fli). 

For xl C XQ from gS]) and {xlY N^^ = {xlY K we get A{du,xl)'^ N^{dv^x\Y N^^dui dvi = 
_iajA>ii^pi. = -ai|dXi|2 and from dtj]) the linear element of the leaves is Idx^p = \dxl\'^ + 

ai\dXi\'^ = dX^{A'^A + 01/3)^X1 ~ dX^{ail3 + ae3eJ)dXi, so the leaves are applicable to a 
quadric with center and of revolution. 

For a = v^r9wZ+w9wZ— 2z = leads to xq being the plane passing through the origin and having 
unit normal TVo = 0/1+63, c G Candw+2awZ = leads to z+^ = F(w), F'{w)^-2^^F'{\v) + 

— with solutions F(w) — ±^w, which leads to xq being the isotropic cones centered at 
±/i (the isotropic developable which extended with the isotropic plane f-fx — generates the 
confocal quadrics below) and F(w) = cw^ + gji c G C \ {0}, which leads to xq being one of the 
confocal Darboux quadrics x^ AR-^Xn^, = 1, A :== (ai/3 + ^2)"\ ai G C \ {0}, w G C \ {oi} 
(the only quadrics having contact of order 3 with G(oo)); we can take w = for xq. In this case 

Az = hel + {-4h + h + zes)fL = ^fi + ^i7^(-4/i + A + ze^), z e C, A^ = 



Js, Xoo = ^7^"z^/i + u-i-vi ^3 (after multiplication with a rotation R2 G 03(C) on the right one can 
make Az = fie^ + (/i + zez)fi and thus the definition of Aoo is clear) is the pencil of (isotropic) 
planes containing /i and the rulings are lines passing through ±/i in their respective planes (these 
foci are obtained from Xz(ui,oo),Xz(po,vi)); the only finite (isotropic) singular quadric of the 
confocal family of xi^ is the line Xa^ = C/i which is also singular set of Xz, z g C U {00}; however 
for convenience one can also include the pencil of (isotropic) planes containing /i in this isotropic 
singular quadric. 

From gH) and {xlY = {xlY we get ^^idu^xlY N^{d^^xlY N^duiQdvi = ~ai\dXi\^ and 
from (|4.7p the linear element of the leaves is = \dx\\'^ + ai|dXip — dX^^A^Az + 01/3)^X1; 

since A^Az — J3 for z S C, = J| = J2 for z — 00, the leaves are applicable to another region Xq of 
xq for z = 00 and for z e C they are applicable to a Darboux quadric with A^^ = ai/3 + J3 (thus 
different from the type of Xq). In this case ()4.6p are linear (mj,r7ij' depend linearly on vi,ui), so 
this B transformation can be found by quadratures. 

For AA^ = J3 with xo =: ^/i + ^/i + zes we have dxo = ^^(Sww/i + /i)dw + (^/i + 

e3)dz, No = ^j^^ j^gg^ -VSa^w + (w^ww + w)(-w + W^wW + zS.w) = 

2v^+(2z+w9zw)(— w+w9wW+z9zw) = 0, (Szw)^ — 4(9wW 7^ 0. We have 2z+w9zW 7^ 0, = 
- '^+<'"+t^_rT^^-"^+"^-"^^ and solution of the cubic equation + + = 

w(2z+wazw) ^ W W w^ 

in A"; the condition that this cubic equation has a triple root is over-determined and the condition 
that of it having two distinct roots (with 5zW double root) leads to xo being the isotropic developable 
circumscribed to the conic \/2wz = 1 /\ w = which extended with the isotropic plane f^x — 
determines the confocal quadrics below. 

Otherwise applying to this equation we get d^w = —i, so w = — ^ +zF(w) + G{w) and we 
need = F(w)F'(w) = F'(w)2, so F(w) = c, c € C and further = 2V^+ cw[wG"(w) - G(w)] = 
-%/2c+[wG"(w) + G(w)][wG"(w)-G(w)], so c 7^ and G(w) = -^^+7^; this leads to xa being 
one of the confocal Darboux quadrics x'^AR~^Xw = 1, A := (ai/3 + Js)^^ , ai G C \ {0}, w G 
C \ {ai}; we can take w = for xq. In this case Az = /i(~^/i + A + ^63)"^ + ssf-f, Xz = 
_ {ui-z)(vi-z) _j_ z G C is the isotropic plane fiXz — with rulings the lines tangent to 

the conic 2f^Xze'^Xz — 1 obtained for {ui — z) + {vi — z) = 0; this is the isotropic singular quadric 
of the above considered family of confocal quadrics (obtained for w = ai); as above the leaves are 
applicable to the Darboux quadric with A~^ = ai/3 + J2 discussed above, so this B transformation 
is the inversion of the previous one. 

For AA^ — 06363 , a G C \ {0} with 2:0 =: \/xei + y/ye2 + 1/263 we need x9xZ + ydyZ — z = 
~ ~ so 9xZ = dyZ, z = z(x + y) and d^z is a root of the quadratic equation 



"l+a,z ~ "'l+dyz' °^ — 
{1 + X)[{x + y)X — z + aj^] = in A"; the equation has a double root for the isotropic developable 
(x + y + z — a)^ = — 4a(x + y) (<J^ x + y + {^/z ± y/a)'^ — 0, that is the isotropic cones centered 
at zty/aes) circumscribed to the circle x + y + a = 0/\z = 0, which extended with the isotropic 
planes x + y = (for which the above quadratic equation becomes linear) determines the confocal 
quadrics of revolution below. 

Otherwise applying 9x to this equation we get d^z = 0, so z(x + y) = c(l + f^), c G C \ 
{0, a}, which gives the family of confocal quadrics of revolution x'^AR~^Xw — 1, A :— (ai/3 + 
06363)"^, ai G C \ {0,—a},w G C \ {ai, 02 '■— ai + a}. In this case Az — (f/i + ^fi)fi + 
V^^^el Xz = T^izfi + f /i) + V^^es, z G C \ {0}, Ao = fif^ + y^e^el Xz^o = 
^77^/1 + 7^^7^63, A^ = fif^ + V^ese'^, Xoo = T^^h + V^^^^^s is the pencil of (isotropic) 
planes containing 63 and the rulings are lines passing through i-^/aes in their respective planes 
(these foci are obtained from Xz{ui,(X)),Xz{oo,vi)); in this case the isotropic singular quadric of 
the confocal family is the isotropic planes ffxai = 0, f^Xai = 0; its singular part is the 63 axis 
which appears as the singular set of a:^, z G CU {00} and gives the complementary transformation; 
however for convenience one can also include the pencil of planes containing 63 in this isotropic 
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singular quadric (they form a triply orthogonal system with the remaining quadrics of the confocal 
family). 

We have J^Az = J^2 + ae3e|', z g C\{0}, J^Ao = A^Aao = ae^ej] thus as above for z = 0,oo 
the leaves are applicable to another region Xq of xq and for z e C \ {0} the leaves are applicable to 
the Darboux quadric with A^^ = ai/3 + J2 + ae-^e!^ , ai G C \ {0, —a} discussed above; thus this B 
transformation is the inversion of the previous one. 

Yoi\iei{AA^) = Cea ^eh&YeAA^ = a(/i/f + ) + J2, a e C\{0} or = aeief + 6e2e|', a,6 e 
C\{0}. 

Since by adding a multiple of Is to AA^ does not change ()4.10p . the first case and the second 
one for a — b have already been discussed for xq] the only change is for Xz- we obtain the singular 
Bz transformation, when the applicability correspondence is given by the Ivory affinity between 
confocal quadrics {\/A)^^X — > y/R^{^/A)~^X (which can be extended to an affine correspondence 
between xq and the singular Xz since one can take square roots of symmetric matrices with non- 
isotropic kernels). 

For a ^ b with xq —: \/xei + y/ye2 + \/ze3 we need dyZ = i,_(^^^^g ^ and 9xZ solution of the 
cubic equation (1 + A')(6 — (a — 6)A')[xA' + y^zr^fr^)^ — z — fly^] = in A"; the condition that 
this cubic equation has a triple root is over-determined and the condition of it having two distinct 
roots (with 9xZ double root) leads to a;o being the isotropic developable circumscribed to one (and 
thus to all) of the conies ^ + | = l/\z = 0, ^-^ = l/\x = 0, ^-| = l/\y==0 which 
determines the confocal quadrics below. 

Otherwise applying dy to the cubic equation and replacing 9yZ with its value we get 9y(9xz) = 0, 
so z is linear in x, y, which gives the family of confocal quadrics x^AR~^Xw = 1, := (a + 

a3)eiei + {b + 03)626^ + 036363 , 03 S C \ {0, —a, —6}, w e C \ {ai := a + 03, a2 ■= b + 03, 03}; we 
can take w = for a;o. All confocal quadrics cut the above isotropic developable along 4 isotropic 
rulings of each ruhng family and passing through + ^ = z = 0) p|( ^^^^ + -j^^ — 1, z = 0) 
(any 3 rulings of a family individuate the quadric) which intersect in the 12 finite umbilics and in 
4 points situated on C(oo) (Darboux). 

We have A = \/aeieJ + Vbe2e^ , Xz is the singular quadric Xa^ of the confocal family (the plane 
e^x = 0) and we have the singular Ba^ transformation. 

For ker(^^-^) — all cases of quadrics except the (pseudo-)sphere have been covered for xq; 
using the SVD of A we get Xz quadric confocal to and the usual Bz transformation; the case of 
the (pseudo-)sphere follows from dx'^XQ = 0. 

For Xz ((isotropic) singular) (I)QWC with A{fif-f + fifi)A^ = we have Afi = 0; multiplying 
A on the left with a rotation we get ^63 — aes, a £ C \ {0} or — fi. 

In the first case with 2:0 —: \/xei + + 263 we need xc^xZ + yc^yZ — z = -^-^ = 4^-7, so 

z = z(x + y) and 9xZ is solution of the quadratic equation 4(x + y)X^ — 4zA' — 1 = in A"; the 
equation has a double root for the isotropic cone x + y + z^ = which extended with the isotropic 
planes x + y = (for which the above quadratic equation becomes linear) determines the confocal 
quadrics below. 

Otherwise applying 9x to this equation we get d-^z = 0, so xq is one of the confocal paraboloids 
of revolution = 2z+{ai —w), ai G C\{0}, w G C\ {oi}; we can take w = for xq (note that 

to obtain the canonical form for xq we need to further apply the translation ^63). In this case we 
have A = vfi + ae^e^ , v x 63 ^ 0, Xz — wi(v + 01*163); by a transformation of ui, vi into linear 
functions of themselves we can make Az = (|/i + ^/i)/^ + 6363 , Xz = vi{zfi + |/i + M163), z G 
C \ {0}, ^0 = fifT + 636^', Xz=o = vi{fi + M163), Aoo = fifl + 636!", Xoo = vi{fi + uies) 
the pencil of (isotropic) planes containing 63 and the rulings are lines passing through and 0063 
in their respective planes; in this case the isotropic singular quadric of the confocal family is the 
isotropic planes fi Xa-^ = 0, fi Xa^ = 0; its singular part is the 63 axis which appears as the singular 
set of Xz, z G C U {00} and gives the complementary transformation; however for convenience one 
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can also include the pencil of planes containing 63 in this isotropic singular quadric (they form a 
triply orthogonal system with the remaining quadrics of the confocal family). 

For C xo from aiid_{xiy = (x'^VN^ we get A{du,xl)'^ N^{dy,xiy N^dui dvi = 
—2aiduiQdvi — —ai\{fifi+fifi)dZi\'^ and from (|4.7p the linear element of the leaves is jdx^p = 
\dxl\^ + ai|(/i/7 + fifl)dZi\^ - dZliA^A. + a^ihll + fifl)]dZi; since A^A. - J2 + e^ej for 
z G C \ {0} and — e^e^ otherwise the leaves are applicable to a Darboux quadric without center 
for z e C \ {0} and to another region of xq otherwise. 

The case Ae^ = /i leads to xq being the plane passing through the origin and having unit normal 
Nq = c/i +63, c S C or the isotropic cone jxop = 0. 

The remaining cases of IQWC should follow by similar computations. 

4.2. Rigidity of the Backlund transformation of quadrics. Given the defining surface xq 
being a quadric, we should get the auxiliary surface Xz as in i)4.1l 

For xo = {VA)~^X{uo,vo) canonical QC with Y{v) := —v'^fi + 2/i + 2t;e3 the standard 
parametrization of the rulings of the isotropic cone we have X{u,v) — :^j^Y{v) + ^Y'{v) = 

^y(u) - ir'(u), Y{v) X Y'{v) = 2iY{v) and with y := VAx^ from the TC y^X{uo,vo) = 1 
we"get Xo = Xiuo,vo) = = "^'""J^vlirr" ' replacing this into gSD and with 

M := du,yd^,y^ + d,,ydu,y^ - ydl^^ we get = Y{voVA-'[y^Yivo)M + iY{vo) ± iY{vo) x 
y)dl^y]{Yivo)±iY{vo)xy)=YivorA-H[y'^Y{vo)M+Yivo)dl,y]Yivo)-iYi^^^^^ 
(Yivo) xy)± t[[y^Y{vo)M + Y{vo)dl^,y]{Yivo) x y) + (r(«o) x y)dl,yY{vo)]), Wvo G C, 
that is two polynomials of degree 6 in vq are identically 0; this imposes a linear homogeneous 
system of 14 equations in 12 variables the entries of Ai and d^_^^_^y (optionally one can con- 
sider M := du^ydy^y'^ + dy^ydu^y'^ — M.^ and we have only 9 variables) with obvious solution 
(^uiviV — ^^Vj = —M{Iz — zA), z e C discussed in ^4.11 so Xz is ((isotropic) singular) quadric 
doubly ruled by degenerate leaves and confocal to xq (requiring a space of solutions at least 3- 
dimensional leads to over-determinate conditions on y). 

For Xo canonical (I)QWC we have xq = LZ{uo,vo), L :— {\J'a^)'^ eie^ + i\fo^)^^e2e2 + 

e^eL ai,a2 G C \ {0}, := {^)-\hfI + /i/f + 5^7 J2) + e^^ej , a, e C \ {0} for QWC 
or := fie'^ + Jie{ — y^e3e^, ai G C \ {0}, J3 + J| for two IQWC; in all cases A^o is a 
multiple of {L'^)~^[uofi + wo/i — 63) and with y :— L^^Xz from the TC y'^ {uofi + wo/i ~ £3) = 
novo we get Zq = Z{uo.vo) - ^5^f^^(/i + ^063) + «o/i = ^^9^f^^(/i + ^063) + wq/i; 
replacing this into (j^i]) and with M d^ydv^y^ + dv^yd^y'^ - ydl^^^y'^ - dl^^^yy'^ we get 
0=(/i+i;oe3)^L^i[(y^/i-^;o)[A^+t'o(/i5^,,,y^ + 9^^,,y/7)]+y^(e3-^^o/i)[(/i+^^oe3)52^„,2/^ + 
dl,yMh+voe^f]][y'^{ei-voh)h + iv^ fi " «o)(^'o/l - 63)] = {h + uoe^^Y L^^ L[{yT h " uo)[M + 
Mfidl^v,y'^+dl^y^yfl)]+y'^{e3-uofi)[{fi+uoe3)dl^y^y^+dl^^^^ 

(y^/i — UQ){uofi — 63)], VmqjWo € C, that is two polynomials of degree 5 respectively in moj^o are 
identically 0; this imposes a linear homogeneous system of 12 equations in the 9 entries of M. 
and d^^y^y (optionally one can consider M := du^ydy^y'^ + dy^ydu^y'^) with obvious solution 
dl^y^y = Me3, M = M(/i/f -I- /i/f - z{LL'^)-^), z eC discussed in gH so Xz is ((isotropic) 
singular) quadric doubly ruled by degenerate leaves and confocal to xq (requiring a space of solutions 
at least 3-dimensional leads to over-determinate conditions on y). 

When making hypothesis on the auxiliary surface Xz being (isotropic) plane or quadric one 
cannot use directly (|4.4I) . since it is strongly rigid (it assumes the curves given by collapsed leaves). 

If Xz is a(n isotropic) plane, then we can take efxz — (this case is due to Bianchi [3i ) or 
f-[xz = 0. We shall reproduce here Bianchi's argument, which will also apply to Xz isotropic plane. 

Consider xq = a;o(x, y) = xei -I- ye2 -I- ze^, No := d^zei + dyZe2 — 63 for efxz = or xq = 
y/i + x/i 4- ze3. No = 9xZ/i + dyzfi — 63 for fiXz — 0; in both cases we have V :— Xz ~ 
Xo — —xdxXo + wdyXo and with m I^ x A'o + x8iVo from l\'6.Q\i we get 9^ polynomial of 
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degree at most two in w. If is a perfect square (including a-priori the case when it does not 
depend of w), then as w varies the facets envelope two lines passing through xq and two foci in 
Xz (one of them possibly situated at oo), so the leaves are the lines passing through the two foci 
in Xz', if 6^ is not a perfect square (including a-priori the case when it depends linearly on w), 
then as w varies the facets envelope a quadratic cone centered at xq (to see this from the cone 
(tjw) — > xo + t{c{w) — .To), c{w) = ci{w)e2 + 02(10)63 or = ci{w)fi + C2(u;)e3 having normal 
fields m ~ wvi + V2 + V Aw^ + 2Bw + Cv^, — AC ^ 0, Vi,V2,Vj, linearly independent we 

get ci(H = ^^"e^t^in'r^ ' ^^(-) - '^'TCS:^ - ^i(-) = ^'-"nr&Bf^^ = 

^ (/iXjzo) (rnxa^m) i^oth cascs ciw) is a conic), so the leaves are the tangents to a conic in Xz\ in 

both cases we have Xz (isotropic) singular quadric doubly ruled by degenerate leaves, so from ^A.W 
Xq is a quadric confocal to Xz (except for the case when Xz does not admit confocal family). 

Given the auxiliary surface Xz being a quadric, we should get the defining surface xq a confocal 
quadric (and thus by the previous argument Xz doubly ruled by degenerate leaves). 

More generally given the auxiliary surface Xz = Xz(s, w) one solves the TC for s — s(a;o, Nq, w); 
replacing this into Xz we get V = V{xo, No,w) and by implicit differentiation we get d^s = 

- ^SlxTNo ' = - llfjVo ' d{V+xo) = - g'^^T^ dsXz, d^V = dyjXz-^^^dsXz] the first equation 
of (El becomes = [V^dN^ vltlZllZ^] ]^^'^ >< dx^)-V^dNo yl^lZfCi ^^^V^{N^ x 

rf^o) =^ f4:::fc:] N^{d^v x v)N^[dN, x ^{N, x dx^)] + s^^lftifei^^d^o a 

V^iNo X dxo) = d^^%^f^^V^dNo A V^{No x dxo). If F^diVo A {Nq x dxo) = 0, then 
from the first equation of (|3.6p we get K\m\'^ — 0, so we need y° ' [3°^'xa"'^'') ~ ^ *^ 

(equivalently yT^( rnod TC) does not depend on Xz)- 

For Xz — ci + SC2, Cj — Cj{w), j — 1,2 ruled with normal field Nz — C2 ^ {c'l + SC2) from the TC 
we get s = _ (£l^^2pYo and the fraction , should be independent 

o No (ci-xq)-' [c2X{c^ Noc[-{ci-xo)-' Nad-^)] 

of w. 

For Xz = (\/A)^"'"X(s, ui) or = {\/A)^^X{w, s) canonical QC we have 02(111) ~ {^/A)^^Y{w), 

c,(w) - ±^(^/A)-^Y'(w) and we need — Y{w)^{NS-x„VANo±t{VA)-^NoxVANo) , 

ci(w) - ±2^v/iJ r (.wj ana we neea .- to oe 

independent of w, that is F±{Nt[xoVAxo ± i{VA)^'^No x VAxq - (VAy^No) = N^xoVANq ± 
i{VAy^No X VANo; muhiplying on the left with N^iVAy^ we get F± = ^j^r^^yl^T^-ij^^^ and 
(/3 — NqNq )(A^^ — xoXq)No = 0, that is the first equation of (|4.10p . so xq is a quadric confocal 

to Xz- 

For Xz — LZ{s,w) or = LZ{w,s) canonical (I)QWC we have C2{w) — L{ '^^^^ +""^63), Ci{w) = 

^' ii-^5^g|f£5:a:g::g:g:r;i - ^he hrst and last relation we get (L-x„)-(e,± 

te2) = F^{L-^N,f{e, ± ze^) - ^^^^^gpl, (i-ixo)^e3 = + F^(L-iiVo)^e3 + (F± - 



F^)Nq xo^'^^^^f^^^^^^; replacing this into the second relation we get (i"^xo)^(e3 x L'^ Nq) 



F±(L-i7Vo)^(e3 X L^TVo) ±i(F± - F^)A^o^xo^^-^^y|ii^iVo^Le3; applying compatibility con- 



dition to the last two relations we get = (F+ - F_){L-^ NqY {e^N'^ L - 2iV^xo/3)(/i/f + 
fifT)L^No = (F+ - F_)(L-iiVo)^(e3 x L^^ No)N^ [L{hfl + hfl)L^ + xo{Le,)^ + Le:,xl)N^. 

If ^ then the conditions imposed on xq are over-determined; otherwise we get [I^ — 
NoN'^){L{fif1 + /i/f )L^ + 0:0(^63)^ -f Le3a;J)iVo = 0, that is the second equation of (|4T0| . so 
xo is a quadric confocal to 

It remains to show that these are all the cases of B transformation with defining surface. 
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Multiplying on the left with A^J we get 

^'jy — — 2^ — xi ' ^Ngd x'^ ' No ' differentiating this with respect to vi and keeping account of c)«^ui = 
- d^ J^No get 

Differentiating (|4.4p with respect to ui we get {l3—NoNQ)[duix'-^ No{duiXzd^^x'^+d^^Xzduix'^) — 
d,,x'^Noid,,x,dlx'^ + dlx,d,,x^)]No-V[dl,^,^x'j:Nod^,x^No-dl^^,^^^ =™ 
ih ~ NQN^)[du^xl N^{du^x^dl^xl + ) - d^^xlN^iidy^x^.d'i^x'^ + i9^^a;^9„ixf )]iVo 

- i^oS^o [{du.xlN^fdlxlN^ - [d^.x-^^N^fdl^xlN^]- replacing F^^^.^x^TVo from 63 

we get 

^9 — 'xt'^No)^' ~ ^(d z^j^o)^' 7^ then along the curve of tangency of the tangent cone of xq from 
Xz{ui,Vi) Nq spans a line or a plane; since the tangent cone cannot be a cylinder xq must be 
developable. 

d'^ X xd X X xd X-, 

Thus (a "xTnIy — (3 'xTNoY ~ since along the curve of tangency of the tangent cone of xq 
from Xz{ui^vi) for fixed d^x'^ Nody^x^ Nq is constant, the ratio dmx'^ No/dy^x'^ Nq cannot 

be constant, so dl x^ x Xz X dy^Xz = and Xz is doubly ruled by degenerate leaves. 
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